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Pseudo-effective and nef cones on spherical varieties
Qifeng LI
Abstract
We show that nef cycle classes on smooth complete spherical varieties are effective, and
the products of nef cycle classes are also nef. Let X be a smooth projective spherical variety
such that its effective cycle classes of codimension k are nef, where 1 ≤ k ≤ dim(X)−1. We
study the properties of X. And we show that if X is a toric variety, then X is isomorphic to
the product of some projective spaces; if X is toroidal, then X is isomorphic to a rational
homogeneous space; if X is horospherical, dim(X) ≥ 3 and k = 2, then effective divisors on
X are nef; if X is horospherical and effective divisors on X are nef, then there is a morphism
from X to a rational homogeneous space such that each fiber is isomorphic to the product
of some horospherical varieties of Picard number one.
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1 Introduction
The positivity of divisors and curves occupy an important position in algebraic geometry. And
recently, there are some work on the positivity of subvarieties or more generally, on the positivity
of cycles, for example [Pet09][Fulg11][DELV11][Ot13] and [Le13]. In the paper [DELV11], they
defined pseudo-effective and nef cones and studied the properties of these cones on some Abelian
varieties. The aim of this paper is to study the pseudo-effective and nef cones on spherical
varieties.
We work on the complex number field C. Let X be a smooth complete variety of dimen-
sion n. Let A∗(X) =
n⊕
k=0
Ak(X) be the Chow ring of X . Let Nk(X)R be the finite dimen-
sional real vector space of numerical equivalence classes of codimension k algebraic cycles on
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X with real coefficients. Denote by Eff k(X) ⊆ Nk(X)R the cone generated by effective cy-
cles, Psef k(X) the closure of Eff k(X) in Nk(X)R. Let Nef
k(X) = {η ∈ Nk(X)R | η · δ ≥
0, δ ∈ Psefn−k(X)}, Nk(X)R = Nn−k(X)R, Effk(X) = Eff
n−k(X), Nefk(X) = Nef
n−k(X) and
Psefk(X) = Psef
n−k(X). We call Eff k(X),Psef k(X),Nef k(X) effective cones, pseudo-effective
cones and nef cones respectively, and call their elements effective cycle classes, pseudo-effective
cycle classes and nef cycle classes respectively.
Let G be a connected reductive algebraic group, B be a Borel subgroup, and Ru(B) be the
unipotent radical of B. A normal G-variety X is said to be G-spherical if there is an open
B-orbit on X .
Theorem 1.1. (Theorem 3.4) Let X be a smooth complete G-spherical variety of dimension n.
Then for any integer k, Nef k(X) ⊆ Psef k(X) = Eff k(X), and these cones are rational polyhedra.
If η1 ∈ Nef
k1(X) and η2 ∈ Nef
k2(X), then η1 · η2 ∈ Nef
k1+k2(X)
This theorem answers Problem 6.8 in [DELV11]. And these phenomena are quite different
from those on Abelian varieties. Now a natural question arises. What does X look like if it
is a smooth projective G-spherical variety such that Nef k(X) = Psef k(X) for some 1 ≤ k ≤
dim(X) − 1? For this question, we give some answers for special types of spherical varieties.
Let X be a G-spherical variety. Recall that if there is a point x in the open G-orbit on X such
that the isotropy group Gx ⊇ Ru(B), then X is said to be G-horospherical. If there is no prime
B-stable divisor D on X such that D contains some G-orbit, but it’s not G-stable, then X is
said to be toroidal. The following are our main results.
Theorem 1.2. (Theorem 4.13, Theorem 4.16, Theorem 4.28 and Corollary 4.43) Let X be a
smooth projective G-spherical variety of dimension n. Then the following hold.
(i) If X is a toric variety, then Nef k(X) = Psef k(X) for some 1 ≤ k ≤ n− 1 if and only if
X is isomorphic to the product of some projective spaces.
(ii) If X is toroidal, then Nef k(X) = Psef k(X) for some 1 ≤ k ≤ n− 1 if and only if X is
isomorphic to a rational homogeneous space.
(iii) If X is G-horospherical, n ≥ 3 and Nef 2(X) = Psef 2(X), then Nef 1(X) = Psef 1(X).
(iv) If X is G-horospherical and Nef 1(X) = Psef 1(X), then there is a G-equivariant mor-
phism pi : X → G/P such that each fiber of pi is isomorphic to the product of some smooth
projective L-horospherical varieties of Picard number one, where P is a parabolic subgroup of G
and L is a Levi factor of P .
This paper is organized as follows. In Section 2, we review some basic notations and results
from the Luna-Vust Theory and the Mori Theory on spherical varieties, which are our main
tools. In Section 3, we prove Theorem 1.1. In Section 4, we mainly study the smooth projective
spherical variety X of dimension n such that Nef k(X) = Psefk(X) for some 1 ≤ k ≤ n− 1. In
Subsection 4.1, we study the general cases. And we get that if 2 ≤ k ≤ n − 2 and Nef 1(X) 6=
Psef 1(X), then for any birational Mori contraction, the dimension of the exceptional locus is no
more than k− 1. Then we study the G-equivariant morphisms from a complete spherical variety
to some special rational homogeneous spaces, and these morphisms contribute to the proof of
Theorem 1.2(iv). In Subsection 4.2 and 4.3, we show Theorem 1.2(i) and (ii) respectively. In
Subsection 4.4, we prove Theorem 1.2(iii)(iv). Since the horospherical cases are complicated, we
make some preliminaries in the part 4.4.1. In the part 4.4.2, we show in Proposition 4.27 that
the exceptional locus of a birational Mori contraction on a projective Q-factorial horospherical
variety is irreducible, and then prove Theorem 1.2(iii). Finally, we prove Theorem 1.2(iv) in the
part 4.4.4 after some reductions in the part 4.4.3.
Conventions and notations. Schemes are always assumed to be seperated and of finite
type over C and varieties are irreducible and reduced schemes.
Denote by G a connected reductive algebraic group. Let B be a Borel subgroup of G, T a
maximal torus in B. Let g, b, t be the corresponding Lie algebras. Let S be the set of simple
2
roots. If I is a subset of S, then we denote by PI the corresponding parabolic subgroup of G
containing B. Denote by B− the opposite Borel subgroup corresponding to B and by P−I the
opposite parabolic subgroup corresponding to PI .
For a linear algebraic group H , denote by Ru(H) the unipotent radical of H . Let 〈· , ·〉H be
paring between the characters and the coroots on H . When there is no confusions, we omit the
subscript H .
For a group H and an H-module V , denote by
V (H) = {v ∈ V | v 6= 0, and hv = χ(h)v for some character χ ∈ χ(H)},
where χ(H) is the group of characters of H . On the other hand, we denote by
V H = {v ∈ V | hv = v for any h ∈ H}.
Acknowledgements. I am greatly indebted to Ste´phane Druel for suggesting this problem
and for a lot of discussions and advices. I would like to thank Michel Brion for answering my
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2 Spherical varieties
In this section, we will recall some basic notations and results from the Luna-Vust Theory and
the Mori Theory on spherical varieties which will be frequently used in this paper.
Let H be an algebraic group, X a scheme (resp. a variety). If there is a morphism ϕ :
H ×X → X such that ϕ(h1, ϕ(h2, x)) = ϕ(h1h2, x), ϕ(e, x) = x, where h1, h2 ∈ H , x ∈ X and
e is the unit of H , we say that H acts on X or say that there is an H-action on X . And X
is said to be an H-scheme (resp. an H-variety). For any h ∈ H and any x ∈ X , denote by
h · x = ϕ(h, x).
Let X be an H-scheme. Denote by SX,H the set of H-orbits on X , and S
c
X,H the set of closed
H-orbits on X . Let M ⊆ H , Y ⊆ X be subsets, then denote by MY = {m · y|m ∈ M, y ∈ Y }.
If Y ⊆ X is a subscheme such that HY ⊆ Y in the set theory, then we say that Y is H-stable.
For any point x ∈ X , denote by the isotropy group Hx = {h ∈ H | h · x = x}.
Definition 2.1. A normal G-variety X is G-spherical if there is an open B-orbit on X.
Let x0 be a point in the open G-orbit of the G-spherical variety X , and H = Gx0 . Then we
say that X is a spherical G/H-embedding and identify G/H with an open subset of X . Note that
G/H is itself a G-spherical variety, and we call it a homogeneous G-spherical variety. Denote by
∂X = X\(G/H), and we call it the boundary of X .
Since all Borel subgroups of G are conjugate, a normal G-variety X is G-spherical if and only
if there is an open B′-orbit on X , where B′ is any fixed Borel subgroup of G. There are several
equivalent definitions of spherical varieties, see for example [Per12, Def. 1.0.1, Thm. 2.1.2],
[Br86], and [BLV86].
Proposition 2.2. Let X be a normal G-variety. Then the following are equivalent.
(i) X is G-spherical.
(ii) C(X)B = C;
(iii) for any (or some) Borel subgroup B′ of G, there is an open B′-orbit on X;
(iv) X has finitely many B-orbits;
(v) every normal G-variety containing G/H as the maximal G-orbit has only finitely many
G-orbits, where G/H ⊆ X is an open G-orbit;
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From now on to the end of Section 2, we assume that X is a spherical G/H-embedding. Define
a map f 7→ χf from C(X)(B) to χ(B), where χf ∈ χ(B) satisfies that for all b ∈ B, b·f = χf (b)f .
This is a morphism of abelian groups with kernel C∗. Denote by MX or MG/H the image of this
morphism, and identify it with C(X)(B)/C∗. Denote by rank(X) = rank(G/H) = rank(MX)
and call it the rank of X or the rank of G/H .
Let NX = NG/H = Hom(MX ,Z) be the dual of MX . Any valuation ν on X induces a
homomorphism C(X)(B) → Q by f 7→ ν(f). Hence, ν induces an element ρ(ν) ∈ Hom(MX ,Q).
Thus we can define a morphism ρ = ρG/H = ρX : {valuations} → (NX)Q, where (NX)Q =
NX ⊗Q. Denote by (MX)Q =MX ⊗Q.
Denote by V(G/H) the set of G-invariant valuations on X . By [Kn91, Cor. 1.8], ρ :
V(G/H)→ (NG/H)Q is injective. We regard V(G/H) as a subset of (NX)Q.
A subset C of a vector spaceQn is called a cone, if it’s closed under addition and multiplication
by Q+ = {q ∈ Q|q ≥ 0}. For a cone C in Qn, we denote by Co the interior of it. The cone C
is called strictly convex if C ∩ (−C) = {0}. The cone C is called finitely generated if there are
finitely many elements v1, . . . , vs ∈ Qn such that C =
s∑
i=1
Q+vi.
Proposition 2.3. ([BP87, Cor. 3.2], [Br90]) V(G/H) is a finitely generated cone in (NX)Q.
Moreover, there exist linear independent forms χ1, . . . , χm in (MG/H)Q such that V(G/H) =
{ν ∈ (NG/H) | χi(ν) ≥ 0, 1 ≤ i ≤ m}.
It should be noticed that the second assertion of Proposition 2.3 didn’t appear explicitly in
[Br90]. Just as what Knop pointed out after Theorem 5.4 in [Kn91], the proof of this assertion in
[Br90] is rather involved and rests ultimately on a case-by-case consideration. We call V(G/H)
the valuation cone of X or the valuation cone of G/H .
Denote by B(X) the set of irreducible B-stable divisors on X . Let D(G/H) = {D ∈ B(X) |
D ∩ (G/H) 6= ∅} and VX = {D ∈ B(X) | D ⊆ ∂X}. Thus, B(X) = VX ∪ D(G/H), and
VX ∩D(G/H) = ∅. We call the elements in the set D(G/H) colors of G/H , while the elements
in the set VX are called boundary divisors. For any Y ∈ SX,G, we denote by DY = {D ∈
D(G/H) | Y ⊆ D}, VY = {D ∈ VX | Y ⊆ D}, and BY = VY ∪DY . Let DX =
⋃
Y ∈SX,G
DY , and
we call its elements colors of X .
Definition 2.4. (i) A colored cone is a pair (C,D) with C ⊆ (NG/H)Q and D ⊆ D(G/H) having
the following properties:
(a) C is a cone generated by ρ(D) and finitely many elements in V(G/H);
(b) C◦ ∩ V(G/H) 6= ∅, i.e. there is a G-invariant valuation in the interior of C.
A colored cone (C,D) is called strictly convex if the following holds:
(c) C is a strictly convex cone and 0 /∈ ρ(D).
(ii) A pair (C0,D0) is a colored face of the colored cone (C,D) if C0 is a face of C, C
◦
0 ∩
V(G/H) 6= ∅ and D0 = D ∩ ρ−1(C0).
(iii) A colored fan F is a nonempty finite set of colored cones with the following properties:
(a) Every colored face of (C,D) ∈ F belongs to F;
(b) For every ν ∈ V(G/H), there is at most one (C,D) ∈ F such that ν ∈ C◦.
A colored fan F is called strictly convex if (0, ∅) ∈ F, or equivalently, if all elements of F are
strictly convex.
For any G-orbit Y on X , we denote by CcY = (CY ,DY ), where CY is the cone in (NX)Q
generated by all ρ(νD), D ∈ BY . Let Y be the closure of Y in X . For the convenience of
discussions, we also denote by CY = CY , VY = VY , DY = DY and C
c
Y
= CcY . Denote by
FX = {CcY | Y ∈ SX,G}, C(X) =
⋃
Y ∈SX,G
CY , and Supp(FX) = C(X) ∩ V(G/H).
A G-spherical variety X is said to be simple if it has only one closed G-orbit. If X is simple
with the unique closed G-orbit Y , then we denote by Cc(X) = CcY .
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Theorem 2.5. ([Kn91, Thm. 3.1, Lem. 3.2, Thm. 3.3]) (i) The map X 7→ Cc(X) is a
bijection between isomorphism classes of simple spherical G/H-embeddings and strictly convex
colored cones in (NG/H)Q.
(ii) Let Y be a G-orbit on a spherical G/H-embedding X. Then Z 7→ CcZ is a bijection
between G-orbits whose closures contain Y and colored faces of CcY .
(iii) The map X 7→ FX induces a bijection between isomorphism classes of spherical G/H-
embeddings and strictly convex colored fans in (NG/H)Q.
IfG/H,G/H ′ are two homogeneousG-spherical varieties and there is a dominantG-equivariant
morphism φ : G/H → G/H ′. Then it induces a surjective morphism φ∗ : NG/H → NG/H′ , and
φ∗(V(G/H)) = V(G/H ′). Let Dφ be the set of those D ∈ D(G/H) such that φ(D) is dense in
G/H ′.
Definition 2.6. Keep notations as above.
(a) Let (C,D), (C′,D′) be colored cones for G/H,G/H ′ respectively. Then we say that (C,D)
maps to (C′,D′) if φ∗(C) ⊆ C′ and φ∗(D\Dφ) ⊆ D′.
(b) Let F,F′ be colored fans for G/H,G/H ′ respectively. Then we say that φ∗ : F → F′ is a
morphism of colored fans if every element of F maps to some element of F′.
Theorem 2.7. ([Kn91, Thm. 4.1]) Keep notations as above. Let X and X ′ be a spherical
G/H-embedding and a spherical G/H ′-embedding respectively. Then φ extends to a morphism
X → X ′ if and only if FX maps to FX′ by φ∗.
Definition 2.8. (i) Let PL(X) be the set such that an element l ∈ PL(X) is a family (lY )Y ∈SX,G
as follows
(a) for any G-orbit Y , lY is a linear function defined on CY with valuations in Q, and it
equals to the restriction of an element in MX in the sense of the inclusion MX ⊆ Hom(NX ,Q);
(b) for any G-orbit Z such that Z ⊆ Y , there is an equality lZ |CY = lY .
(ii) Denote by L(X) the group of linear functions on (NX)Q with valuation in Q.
We call the elements of PL(X) piecewise linear functions on C(X), while it should be noticed
that if Y1, Y2 ∈ SX,G, maybe lY1 |CY1∩CY2
6= lY2 |CY1∩CY2
.
Suppose that X is moreover complete. Take l = (lY )Y ∈SX,G ∈ PL(X), then for any Y ∈
ScX,G, dim(CY ) = dim(NX)Q by [Kn91, Thm. 6.3]. Thus, lY can be uniquely extended as a
linear function lNY defined on (NX)Q. If δ =
∑
D∈B(X)
nD(δ)D is a Cartier B-stable divisor, then
by [Br89, Prop. 3.1], for each Z ∈ ScX,G, there exists a unique element χZ ∈ MX such that
νD(χZ) = nD(δ) for all D ∈ BZ . These χZ determine a unique l(δ) = (lY )Y ∈SX,G such that
lZ |CZ = χZ |CZ for all Z ∈ S
c
X,G. Hence, lY (ρ(νD)) = nD(δ) for all Y ∈ SX,G and D ∈ BY . By
[Br89, Thm. 3.3], if X is moreover projective, then every Cartier B-stable divisor δ is uniquely
associated with a well-defined piecewise linear function l(δ) on C(X).
Let X be a projective Q-factorial spherical G/H-embedding. We will define some 1-cycle
classes on X as in the proof of [Br93, Thm. 3.2]. Take δ to be a Cartier divisor on X . Then by
[Br93, Thm. 1.3(ii)], we can find integers nD(δ) such that δ =
∑
D∈B(X)
nD(δ)D. Let l(δ) ∈ PL(X)
be the corresponding piecewise linear function on C(X). In particular, l(δ)(ρ(νD)) = nD(δ) for
all D ∈ VX ∪DX , and lY = l(δ) |CY is linear on CY for each Y ∈ SX,G. For each Y ∈ S
c
X,G, we
denote by l(δ,CY ) or l(δ, Y ) or l
N
Y the linear extension of lY to the whole vector space (NX)Q.
Suppose that µ ∈ FX is a wall, i.e. there are two maximal dimensional colored cone (µ+,D+)
and (µ−,D−) in FX (i.e. dim(µ+) = dim(µ−) = rank(G/H)) such that µ = µ+ ∩ µ− and for
some subset D ⊆ D+ ∩ D−, (µ,D) is a colored face of (µ+,D+) and (µ−,D−) of codimension
one. Let χµ ∈ MX be the primitive lattice point such that χµ vanishes on µ and it is positive
on µ+\µ, negative on µ−\µ. Define Cµ ∈ N1(X)R such that
δ · Cµ = (l(δ, µ+)− l(δ, µ−))/χµ. (1)
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For any closed G-orbit Y and any color D ∈ D\DY , i.e. Y * D, define CD,Y ∈ N1(X)R such
that
δ · CD,Y = nD(δ)− l(δ, Y )(ρ(νD)). (2)
Note that by [Br93, Thm. 3.2], these two kinds of curve classes are pseudo-effective and they
generate NE(X).
Remark 2.9. Assume that X is complete. By [Br93, Prop. 3.3], there is a unique B-stable
smooth rational curve CY Z such that C
B
Y Z = {p1, p2}, Cµ ∩ Y = {p1}, Cµ ∩ Z = {p2} and
CY Z = Cµ in N1(X)R. We identify Cµ with the curve CY Z . Moreover, by the proof of [Br93,
Prop. 3.3], GCµ = V , Cµ = (V )
Ru(B), Gp1 = Y and Gp2 = Z, where V is the G-orbit such that
CV = µ.
3 Nef versus effective cycle classes on smooth complete
spherical varieties
We will show in Theorem 3.4 that on smooth complete spherical varieties, nef cycle classes are
effective and the products of nef cycle classes are also nef.
Let η =
∑
i
niYi be an algebraic cycle of an H-scheme X , where H is an algebraic group, all
ni 6= 0 and all Yi are irreducible closed subschemes. If all Yi are H-stable, then we call η an
H-stable algebraic cycle of X .
If X is a smooth complete variety, and η1, η2, . . . , ηm ∈ A∗(X)R, then we denote by
m∏
i=1
ηi =
η1 · η2 · . . . · ηm. If X1, . . . , Xm are smooth complete varieties and ηi ∈ A∗(Xi)R, then we denote
by
m⊗
i=1
ηi = η1 ⊗ η2 · · · ⊗ ηm =
m∏
i=1
pi∗i ηi, where pii :
m∏
j=1
Xj → Xi is the i-th projection.
Proposition 3.1. (i) Let X be a Γ-scheme, where Γ is a connected solvable linear algebraic
group. Then any effective algebraic cycle on X is rationally equivalent to an effective Γ-stable
algebraic cycle.
(ii) Let X be a G-spherical variety. Then the group of rationally equivalent divisor classes
on X is generated by irreducible B-stable divisors, while the linearly equivalences are defined by
div(f) for all f ∈ C(X)(B). More precisely, there is an exact sequence MX → Z(B(X)) →
A1(X)→ 0. If moreover X is complete, then the map MX → Z(B(X)) is injective.
Note that these two conclusions should be well-known, but we fail to find proper references
stating them explicitly. For the case when X is a projective Γ-variety, the statement of (i) has
appeared in the proof of [Hi84, Thm. 1], while the case when X is a projective normal Γ-variety,
the statement of (i) appeared in [Br93, Thm. 1.3(i)]. Recall that the proof of [FMSS95, Thm.
1] was deduced to the case when X is a projective Γ-variety, and the effectiveness of the cycles
are preserved in the proof. Then we can get Proposition 3.1(i). In fact, when proving [FMSS95,
Cor. of Thm. 1], the statement of (i) has been used. For the first assertion of (ii), we only need
to notice that MX ∼= C(X)(B)/C∗, then it’s just [Br93, Thm. 1.3(ii)], and it’s also a corollary
of [FMSS95, Thm. 1]. By [Kn91, Thm. 6.3], when X is moreover complete, ρ(B(X)) generates
(NX)Q. Thus, the map MX → Z(B(X)) is injective.
The following proposition is a direct consequence of Proposition 3.1 and [Br89, Prop. 3.1].
It also appeared in [Per12, Thm. 3.2.14] with a little different statement, while we can also get
the statement here from the proof of [Per12, Thm. 3.2.14].
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Proposition 3.2. Let X be a G-spherical variety.
(i) The variety X is locally factorial if and only if for any G-orbit Y , the elements ρ(vD)
form a part of a Z-basis of NX , where D runs over the set BY .
(ii) The variety X is Q-factorial if and only if for any G-orbit Y , the elements ρ(vD) are
linearly independent in (NX)Q, where D runs over the set BY .
Note that by [FMSS95, Thm. 2], if X is a smooth complete spherical variety, then for any
integer k, Nk(X) = Ak(X) = H2k(X). In particular, the numerical equivalence and the rational
equivalence coincide.
Corollary 3.3. Let X be a Γ-scheme such that Γ has only finitely many orbits, where Γ is a
connected solvable linear algebraic group. Let X ′ be another Γ-scheme and η ∈ A∗(X×X ′) be an
effective cycle. Then η =
m∑
i=1
ciδi ⊗ δ′i, where ci ≥ 0, and δi, δ
′
i can be represented by irreducible
Γ-stable closed subvarieties of X and X ′ respectively.
Proof. By Proposition 3.1(i), we can assume that η is Γ×Γ-stable and effective. Without loss of
generality, we can assume that η is represented by an irreducible Γ× Γ-stable closed subvariety
Z of X ×X ′.
Let X0 = X×X ′ be a variety with a Γ0-action such that Γ0 = Γ and g ·(x, x′) = (g ·x, e ·x′) =
(g · x, x′) for all g ∈ Γ0, x ∈ X , and x′ ∈ X ′. Note that Γ0 can be identified with the subgroup
Γ × {e} of Γ × Γ. In particular, Z is Γ0-stable. By [FMSS95, Lem. 3], Z ⊆ X0 has the form
Z = Y × Y ′, where Y ⊆ X is a Γ-stable closed subvariety and Y ′ ⊆ X ′ is a closed subvariety.
By Proposition 3.1(i) again, Y ′ is rationally equivalent to an effective Γ-stable algebraic cycle.
The conclusion follows.
Theorem 3.4. Let X be a smooth complete G-spherical variety of dimension n. Then for any
integer k, the following hold.
(i) Eff k(X) = Psef k(X), and it’s a rational polyhedron. Dually, Nefn−k(X) is also a ratinal
polyhedron.
(ii) Nef k(X) ⊆ Psef k(X).
(iii) If η ∈ Ak(X) is a cycle such that η · An−k(X) = 0, then η · A∗(X) = 0.
(iv) If η ∈ Nef k(X), then for any effective algebraic cycle class δ in A∗(X), the intersection
η · δ is an effective algebraic cycle class in A∗(X). In particular, if for all 1 ≤ i ≤ m, ηi ∈
Nef ki(X) , then
m∏
i=1
ηi ∈ Nef
k0(X), where k0 =
m∑
i=1
ki.
Proof. The conclusion (i) follows from Proposition 2.2(i)(iv) and Proposition 3.1(i).
Let η ∈ Ak(X) be any cycle class and Z ⊆ X be a B-stable closed subvariety. By Proposition
2.2(i)(iv) and Corollary 3.3, we can assume that ∆∗(Z) =
m∑
i=1
ciui ⊗ vi in A∗(X × X), where
∆ : X → X × X is the diagonal morphism, m is a positive integer, all ci ≥ 0, and all ui, vi
are algebraic cycle classes represented by irreducible B-stable closed subvarieties. Let pi1, pi2
be the two projections from X × X to the two factors, then pi1∆ = idX , and pi2∆ = idX .
Hence, η · Z = pi2∗∆∗(η · Z) = pi2∗∆∗(∆∗pi∗1η · Z) = pi2∗(pi
∗
1η ·∆∗(Z)) = pi2∗(
m∑
i=1
(ciη · ui)⊗ vi) =∑
dim(ui)=k
ci(η ·ui)vi. Then the rest of this theorem follows easily from this formula. In particular,
for (ii), we can take η ∈ Nef k(X) and Z = X to apply this formula.
Note that the conclusion (i) is indeed a classical result: for the case when X is projective,
see [Br93, Thm. 1.3(ii)]; for more general cases, see [FMSS95, Cor. of Thm. 1]. The conclusion
(iii) can be deduced from [FMSS95, Cor. of Thm. 2] readily. We state and prove these two
conclusions here for the later use and for the discussions of the case when X is a projective
Q-factorial toric variety, see Remark 4.12.
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Remark 3.5. Let X be a Q-factorial complete G-spherical variety of dimension n. Define
A1(X)Q ×An−1(X)Q → Q as the linear extension of the map Pic(X)×An−1(X)→ Z, δ×C 7→
deg(δ |C), where An−1(X) (resp. A1(X)) is the Chow group of curves (resp. Weil divisors),
Pic(X) is the Picard group of X and Ak(X)Q = A
k(X) ⊗ Q for k = 1, n − 1. Thus, Nk(X)R,
Eff k(X), Psef k(X), and Nef k(X) are well-defined for k = 1, n − 1. By Proposition 3.1(i),
Eff k(X) = Psef k(X) for k = 1, n − 1. Since the proof of Theorem 3.4(ii) also works when
k = 1 under our assumption of X here, we know that Nef 1(X) ⊆ Psef 1(X). By the duality,
Nefn−1(X) ⊆ Psefn−1(X).
Corollary 3.6. Suppose that for each 1 ≤ i ≤ m, Xi is a smooth complete Gi-spherical variety,
where each Gi is a connected reductive algebraic group. Let X =
m∏
i=1
Xi and r be a positive
integer. Then Nef k(X) = Psef k(X) for all 1 ≤ k ≤ r if and only if Nef k(Xi) = Psef
k(Xi) for
all 1 ≤ k ≤ r and all 1 ≤ i ≤ m.
Proof. Note thatX is (
m∏
i=1
Gi)-spherical. By Theorem 3.4(i)(ii), Nef
k(X) ⊆ Eff k(X) = Psef k(X)
and Nef k(Xi) ⊆ Eff
k(Xi) = Psef
k(Xi) for all integers k and all 1 ≤ i ≤ m.
The “only if” part follows from Theorem 3.4(i)(ii) and the projection formula.
The “if” part: Let n = dim(X) and ni = dim(Xi). For any 1 ≤ k ≤ r, take any class
η ∈ Eff k(X), and any class δ ∈ Effn−k(X), then by Corollary 3.3 and the induction on m, we
get that the class η ∈
∑
i1+...+im=k
m⊗
j=1
Eff ij (Xj) and the class δ ∈
∑
i1+...+im=k
m⊗
j=1
Effnj−ij (Xj). By
the assumption on Xi, η ∈
∑
i1+...+im=k
m⊗
j=1
Nef ij (Xj). Hence, η · δ ≥ 0, i.e. Nef
k(X) = Psef k(X)
for all 1 ≤ k ≤ r.
Remark 3.7. Suppose that for each 1 ≤ i ≤ m, Xi is a complete Q-factorial Gi-spherical variety,
where each Gi is a connected reductive algebraic group. Let X =
m∏
i=1
Xi. Then Nef
1(X) =
Psef 1(X) if and only if Nef 1(Xi) = Psef
1(Xi) for all 1 ≤ i ≤ m. By Remark 3.5, Nef
1(X) ⊆
Eff 1(X) = Psef 1(X) and Nef 1(Xi) ⊆ Eff
1(X) = Psef 1(Xi) for all 1 ≤ i ≤ m. Note that if we
take r = 1, then the proof of Corollary 3.6 also works for the case here.
4 Smooth projective spherical varieties whose effective cy-
cle classes of codimension k are nef
In this section, we mainly study the smooth projective spherical variety X of dimension n such
that Nef k(X) = Psef k(X) for some 1 ≤ k ≤ n− 1. We also study some related properties when
X may be not smooth, but only Q-factorial. We discuss the general spherical cases, toric cases,
toroidal cases and horospherical cases in the corresponding four subsections. The horospherical
cases are the most complicated, and we need to make some preparations in the part 4.4.1.
4.1 General spherical varieties
There are two main results in this subsection, namely Theorem 4.1 and Theorem 4.5. The former
says that if X is a smooth projective variety such that Nef k(X) ⊆ Psef k(X) for some 2 ≤ k ≤
dim(X) − 2, then the dimensions of the exceptional loci of the birational Mori contractions on
X are less than k.
Now let X be a spherical G/H-embedding. Denote by D0(G/H) = {D ∈ D(G/H) | ρ(νD) =
0}. In Theorem 4.5, we show that if X is complete, then for any subset D1 ⊆ D0(G/H), we
can construct a G-equivariant morphism pi0 : X → G/P0, where P0 is a parabolic subgroup of
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G related to D1. Moreover, X shares a lot of properties with the fibers. Let F be any fixed
fiber of pi0, then X is smooth (resp. projective, Q-factorial, locally factorial) if and only if F
is so. If F and X are both projective and Q-factorial, then Nef 1(X) = Psef1(X) if and only if
Nef 1(F ) = Psef 1(F ).
Theorem 4.1. Let X be a smooth projective variety of dimension n such that Psef k(X) ⊆
Nef k(X) for some 2 ≤ k ≤ n − 2. Assume that R is an extremal ray of NE(X) which can be
contracted, i.e. there is a morphism pi : X → Y such that pi∗OX = OY and for any irreducible
curve C on X, pi(C) is a point if and only if C ∈ R. Then either R ⊆ Nef1(X) or dim(A) ≤
min{k − 1, n− k − 1}, where A ⊆ X is the exceptional locus of pi.
Proof. Assume that R * Nef1(X). Then pi is birational. Let A ⊆ X be the exceptional locus
and A′ = pi(A). By the duality, we can assume that k ≤ n2 . Now assume that dim(A) ≥ k. Let
C (resp. E) be an irreducible curve (resp. a prime divisor) on X such that C ∈ R and E ·C < 0.
Case 1. Assume that there exists a point y ∈ Y such that dim(pi−1(y)) ≥ k.
Let F be an irreducible component of pi−1(y) such that d = dim(F ) ≥ k. Take d− 1 general
ample divisors D1, . . . , Dd−1 on X . Thus,
d−1∏
i=1
Di · F = λC ∈ N1(X)R for some λ > 0. So
d−1∏
i=1
Di · F ·E < 0.
On the other hand,
d−k∏
i=1
Di · F ∈ Psef
n−k(X) and
d−1∏
i=d−k+1
Di · E ∈ Psef
k(X) ⊆ Nef k(X).
Thus,
d−1∏
i=1
Di · F · E ≥ 0. We get a contradiction.
Case 2. Assume that for any y ∈ Y , dim(pi−1(y)) ≤ k−1. Let A0 be an irreducible component
of A such that a = dim(A0) ≥ k. Let A′0 = pi(A0). Thus, a
′ = dim(A′0) ≥ 1.
Take a′ general very ample Cartier divisors H1, . . . , Ha′ on Y . Take a general section Di of
each Cartier divisor pi∗OY (Hi). Take a − a′ − 1 general ample divisors Da′+1, . . . , Da−1 on X .
Thus,
a−k∏
i=1
Di ·A0 ∈ Psef
n−k(X) and
a−1∏
i=a−k+1
Di ·E ∈ Psef
k(X) ⊆ Nef k(X). So
a−1∏
i=1
Di ·A0 ·E ≥ 0.
By the choices of Hi on Y ,
a′∏
i=1
pi∗Hi ·A0 =
t∑
j=1
λjpi
−1(yj), where t ≥ 1, each λj > 0, and each
pi−1(yj) is an irreducible closed subvariety of X of dimension a− a′. Hence,
a−1∏
i=1
Di ·A0 = λC ∈
N1(X)R for some λ > 0. So
a−1∏
i=1
Di · A0 · E < 0. We get a contradiction.
Suppose that X is a smooth projective G-spherical variety. By Theorem 3.4(i)(ii), for any
integer k, Nef k(X) ⊆ Eff k(X) = Psefk(X). By [Br93, Thm. 3.1], every extremal ray of NE(X)
can be contracted. So we have the following
Corollary 4.2. Let X be a smooth projective G-spherical variety of dimension n such that
Nef k(X) = Psef k(X) for some 2 ≤ k ≤ n−2. If there is an extremal ray R of NE(X) such that
R * Nef1(X), then the corresponding contraction contR : X → Y is birational and the dimension
of the exceptional locus A ⊆ X is no more than min{k − 1, n− k − 1}.
For smooth projective Fano varieties, we can get a strong corollary as follows.
Corollary 4.3. Let X be a smooth projective Fano variety of dimension n. If there is some
integer 2 ≤ k ≤ n− 2 such that Psef k(X) ⊆ Nef k(X), then Psef 1(X) = Nef 1(X).
Proof. By the duality, we can assume that k ≤ n2 . Now assume that R ⊆ Psef1(X)\Nef1(X) is an
extremal ray. Let X,Y, pi,A be as in Theorem 4.1. Note that the existence of pi = contR follows
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from the fact that X is Fano. Then by Theorem 4.1, dim(A) ≤ k − 1. By [Io86, Thm. (0.4)],
2 dim(A) ≥ dim(X) + l(R)− 1, where l(R) = min{−KX · C | C is a rational curve and C ∈ R}.
Since X is a Fano variety, l(R) ≥ 1. Thus, dim(A) ≥ n2 . We get a contradiction.
Let X be a spherical G/H-embedding and Y be a G-orbit on X . By Theorem 2.5, CcY is a
strictly convex colored cone in (NX)Q. In particular, for each D ∈ DY , ρ(νD) 6= 0. Recall that
D0(G/H) = {D ∈ D(G/H) | ρ(νD) = 0}. Hence, D0(G/H) ⊆ D(G/H)\DX .
Lemma 4.4. Let X be a Q-factorial projective spherical G/H-embedding. Take D ∈ D0(G/H),
then
(i) the numerical class CD,Y doesn’t depend on the choice of the closed G-orbit Y , thus, we
can denote it by CD;
(ii) R+CD is an extremal ray of NE(X) as well as one of Nef1(X);
(iii) R+D is an extremal ray of Nef 1(X) as well as one of Psef 1(X).
Moreover, suppose that D1, . . . , Dm ∈ D0(G/H) are pairwise different, then
(iv) F = 〈CD1 , . . . , CDm〉 is an extremal face of NE(X) as well as one of Nef1(X);
(v) F ∗ = 〈D1, . . . , Dm〉 is an extremal face of Nef
1(X) as well as one of Psef 1(X);
Proof. (i) Take any δ ∈ Pic(X). Then there is an equality δ · CDα,Y1 = δ · CDα,Y2 for any
Y1, Y2 ∈ ScX,G by the formula (2) on page 6. This shows (i).
(ii)(iii) Since D ∈ D0(G/H), by the formula (2) again, if D′ ∈ B(X)\{D}, then D′ ·CD = 0.
On the other hand, D · CD = 1. By Proposition 3.1(i), CD ∈ Nef1(X) and R+D is an extremal
ray of Psef1(X).
By the formulas (1) and (2) on page 6, we find that for any wall µ ∈ FX , the intersection
number D · Cµ = 0 and that for any Y ∈ ScX,G and any D
′ ∈ D(G/H)\(DY ∪ {D}), the
intersection number D · CD′,Y = 0. On the other hand, D · CD = 1. By [Br93, Thm. 3.2] and
(i) of this lemma, D ∈ Nef 1(X) and R+CD is an extremal ray of NE(X). By Remark 3.5,
Nef1(X) ⊆ Psef1(X) and Nef
1(X) ⊆ Psef 1(X). Thus, R+CD is an extremal ray of Nef1(X) and
R+D is an extremal ray of Nef 1(X).
(iv) Now choose D1, . . . , Dm ∈ D0(G/H) which are pairwise different. Let V1 ⊂ N1(X)R
be the subspace generated by CD1 , . . . , CDm , and V2 ⊆ N1(X)R be the subspace generated by
those CD′,Y who are different from CD1 , . . . , CDm and those Cµ where µ runs over the set of
the walls of FX . Take any C ∈ V1 ∩ V2. If C 6= 0, then by the formula (2), the fact C ∈ V1
implies that we can choose some i0 such that Di0 ·C 6= 0. By the formulas (1) and (2), the fact
C ∈ V2 implies that Di0 · C = 0. We get a contradiction. Hence, V1 ∩ V2 = 0. By [Br93, Thm.
3.2], F is an extremal face of NE(X). By (ii) of this lemma, F ⊆ Nef1(X). By Remark 3.5,
Nef1(X) ⊆ NE(X). Hence, the extremal face F of NE(X) is also an extremal face of Nef1(X).
(v) Let W1 ⊆ N1(X)R be the subspace generated by D1, . . . , Dm, and W2 ⊆ N1(X)R be the
subspace generated by those D ∈ B(X)\{D1, . . . , Dm}. By Proposition 3.1(ii) and [Br93, Cor.
1.3(iv)], W1 ∩W2 = {0}. Thus, by Proposition 3.1(i), F ∗ is an extremal face of Eff
1(X). By
(iii) of this lemma, F ∗ ⊆ Nef 1(X). By Remark 3.5, Nef 1(X) ⊆ Eff 1(X) = Psef 1(X). Hence,
the extremal face F ∗ of Eff 1(X) is also an extremal face of Nef 1(X).
Theorem 4.5. Let X be a complete spherical G/H-embedding, and D1 ⊆ D0(G/H) be a subset.
Denote by D0 =
∑
D∈D1
D. Then the following hold.
(i) D0 induces a G-equivariant morphism pi0 : X → X˜, where X˜ = Proj(R), R =
⊕
m≥0
H0(X,mD0).
Moreover, there is a G-equivariant isomorphism X˜ → G/P0, where P0 is a parabolic subgroup of
G containing B.
(ii) Let F be any fiber of pi0. Then X is Q-factorial (resp. locally factorial, smooth, projective)
if and only if F is Q-factorial (resp. locally factorial, smooth, projective).
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(iii) Assume that X is projective and Q-factorial. Then Nef 1(X) = Psef 1(X) if and only if
Nef 1(F ) = Psef 1(F ).
Remark 4.6. The conclusion (iii) in Theorem 4.5 is not true for a general G-equivariant
morphism from a complete G-spherical variety to a rational G-homogeneous space. Now we
consider such an example. Let X be the blowing-up of P2 at the point p = [1, 0, 0]. Then X is
a Hizebruch surface and it’s a P1-bundle over P1. Denote by pi : X → Y = P1 the fibration.
Let G be the set of matrices (ai,j)1≤i,j≤3 in GL3(C) such that the first row is (1, 0, 0) and the
first column is (1, 0, 0)t. Thus, G ∼= GL2(C) is reductive. There is a natural G-action on A3C. It
induces a G-action on P2 fixing the point p. Then X is a G-spherical variety. Moreover, there
is a natural G-action on Y such that pi is G-equivariant and Y is G-homogeneous. Let F be
any fiber of pi. Note that Nef 1(F ) = Psef 1(F ) and Y is a rational G-homogeneous space, but
Nef 1(X) 6= Psef 1(X), since there is a (−1)-curve on X.
Lemma 4.7. Let X be a normal G-variety. Then there exists a connected reductive algebraic
group G′ and a finite surjective morphism pi : G′ → G of algebraic groups such that under the
induced G′-action on X, every Cartier divisor on X is G′-linearizable.
Proof. We take a similar proof with [Per, Prop. 2.3.1]. By [Per, Cor. 2.2.7], there exists a
connected algebraic group G′ and a finite surjective morphism pi : G′ → G of algebraic groups
such that Pic(G′) = 0. Since G is reductive, G′ is also reductive. Denote by ϕ : G′ × X →
X, (g′, x) 7→ pi(g′)·x, i.e. ϕ defines theG′-action onX induced by theG-action. Let pG′ and pX be
the projections from G′×X to G′ and X respectively. Take any Cartier divisor δ on X . By [Per,
Lem. 2.2.3], there exists a point x0 ∈ X such that ϕ∗δ = p∗G′(ϕ
∗δ|G′×{x0}) ⊗ p
∗
X(ϕ
∗δ|{e}×X).
Since Pic(G′) = 0, ϕ∗δ|G′×{x0} = OG′ . Since e has a trivial action on X , ϕ
∗δ|{e}×X = δ in
Pic(X). Thus, ϕ∗δ = p∗Xδ in Pic(G
′ ×X). By [Per, Cor. 2.1.7], δ is G′-linearizable.
Proof of Theorem 4.5(i). By [Br89, Prop. 3.1], OX(D0) is a Cartier divisor. By [Su75, Thm.
1.6], there exists a positive integerm0 such thatOX(m0D0) isG-linearizable. Thus, by [Per, Lem.
2.3.2], H0(X,mm0D0) is a G-module for each m ≥ 0. For any m ≥ 1, let s ∈ H0(X,mm0D0)(B)
be the global section corresponding to mm0D0. Take any s
′ ∈ H0(X,mm0D0)(B), then there
is some element f ∈ C(X)(B) such that s′ = fs. Thus, div(f) +mm0D0 is a B-stable effective
divisor. In particular, the only possible poles of f are in the support of D0. By Proposition
3.1(ii), νD(f) = 0 for any D ∈ D1. Hence, f is a regular function on X . Since X is complete, we
know that f is a constant function, i.e. dim H0(X,mm0D0)
(B) = 1. Thus, H0(X,mm0D0) is
an irreducible G-module. Hence, R0 =
⊕
m≥0
H0(X,mm0D0) is generated by H
0(X,m0D0). By
[Br89, Thm. 3.3], OX(m0D0) is globally generated. Thus,m0D0 induces a naturalG-equivariant
morphism pi0 : X → X˜, where X˜ = Proj(R0).
On the other hand, by Lemma 4.7, there exists a connected reductive algebraic groupG′ and a
finite surjective morphism pi : G′ → G of algebraic groups such that under the induced G′-action
on X , every Cartier divisor on X is G′-linearizable. Let B′ = pi−1(B) and H ′ = pi−1(H). Then
SX,G′ = SX,G and SX,B′ = SX,B. In particular, X is a complete spherical G
′/H ′-embedding,
and the set of prime B′-stable divisors is exactly the set of prime B-stable divisors. Under
the natural inclusion χ(B) ⊆ χ(B′), we have MG/H ⊆ MG′/H′ with a finite index and for all
D ∈ B(X), ρG′/H′ (νD) = ρG/H(νD). In particular, for any D ∈ D1, ρG′/H′(νD) = 0. Note that
OX(D0) is G′-linearizable and H0(X,mD0) is a G′-module for all m ≥ 0. Therefore, by taking a
similar argument with the last paragraph, we can know that R =
⊕
m≥0
H0(X,mD0) is generated
by H0(X,D0), and D0 induces a natural G
′-equivariant morphism pi′ : X → X ′, where X ′ =
Proj(R). Note that the inclusion R0 ⊆ R induces a natural isomorphism Proj(R) ∼= Proj(R0).
We identify them. Hence, pi0 coincides with pi
′. Therefore, D0 induces a natural G-equivariant
morphism pi0 : X → X˜, where X˜ = Proj(R), and R =
⊕
m≥0
H0(X,mD0).
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We claim that X˜ is G-equivariantly isomorphic to a rational homogeneous space G/P0,
where P0 is a parabolic subgroup of G containing B. Otherwise, let Z be a closed G-orbit
on X˜ and OX˜(A) be the Cartier divisor on X˜ such that H
0(X˜, A) = H0(X,m0D0). Thus,
A is very ample and G-linearizable. There exists some positive integer m such that the sheaf
OX˜(mA) ⊗ IZ is globally generated, where IZ is the ideal sheaf corresponding to Z. On the
other hand, H0(X˜,OX˜(mA) ⊗ IZ) ⊆ H
0(X˜,OX˜(mA)) is a nonzero G-submodule. However,
H0(X˜,OX˜(mA)) = H
0(X,OX(mm0D0)) is an irreducible G-module and OX˜(mA) is globally
generated. Hence, OX˜(mA) ⊗ IZ = OX˜(mA), which is contradicted with the assumption that
Z 6= X . The conclusion follows.
Before proving Theorem 4.5(ii)(iii), we make some remarks. Firstly, note that it suffices to
prove these two conclusions for a special fiber. Our approach is as follows. We take a special fiber
X0 and show that X0 is a spherical variety. Roughly speaking, FX ⊆ FX0 and their difference
FX0\FX can be described clearly. In this case, we say that FX is immersed into FX0 , (for the
precise meaning, see Definition 4.8). The study of these two colored fans helps us to complete
the proof of Theorem 4.5.
Definition 4.8. Let X be a spherical G/H-embedding and X ′ be a spherical G′/H ′-embedding,
where G,G′ are connected reductive algebraic groups. We say that there is an immersion from
FX to FX′ if the following conditions are satisfied.
(i) There is an isomorphism of abelian groups φ : NG/H → NG′/H′ . We also use φ to denote
the linear extension to (NG/H)Q → (NG′/H′)Q.
(ii) φ(V(G/H)) ⊆ V(G′/H ′).
(iii) There is a bijective map ϕ : S(X,X ′) → VX′ ∪DX′ such that VX ∪ DX ⊆ S(X,X ′) ⊆
B(X) and for any D ∈ S(X,X ′), there is an equality ρG′/H′(νϕ(D)) = φ(ρG/H(νD)).
(iv) There is an injective map ψ : SX,G → SX′,G′ such that ψ(SX,G) = {Y ′ ∈ SX′,G′ |
CoY ′ ∩ φ(V(G/H)) 6= ∅}, and for any Y ∈ SX,G and any D ∈ S(X,X
′), D ⊇ Y if and only if
ϕ(D) ⊇ ψ(Y ).
Remark 4.9. Keep notations as in Definition 4.8 and assume that all the conditions (i)− (iv)
in it are satisfied.
(i) We can define an injective map Φ : FX → FX′ such that for any Y ∈ SX,G, Φ(CcY ) =
Ccψ(Y ). We say that Φ is induced by φ. We identify MX with MX′ as groups and identify
S(X,X ′) with VX′ ∪DX′ in the set theory. Thus, Φ is a natural inclusion, i.e. FX ⊆ FX′ . This
is the reason why we use the word “immersion” in Definition 4.8. Moreover, we know that the
set FX′\FX = {CcY ′ ∈ FX′ | C
o
Y ′∩V(G/H) = ∅}. When there is an immersion Φ : FX → FX′ , we
will always identify MX with MX′ , S(X,X
′) with VX′ ∪DX′ , and Φ with the natural inclusion.
(ii) Assume that S(X,X ′) ⊆ Ω ⊆ B(X). If there is an injective map Ψ : Ω → B(X ′) such
that Ψ|S(X,X′) = ϕ, and for any D ∈ Ω, there is an equality ρG′/H′(νΨ(D)) = φ(ρG/H(νD)), then
we say that the immersion Φ : FX → FX′ is compatible with Ψ. We also say φ : NG/H → NG′/H′
is compatible with Ψ, or say that φ∗ : MG′/H′ → MG/H is compatible with Ψ, where φ
∗ is the
dual map of φ.
(iii) If moreover V(G/H) = V(G′/H ′), then FX = FX′ . We say that FX is isomorphic to
FX′ . When there is no confusion, we also say that FX is identified with FX′ .
(iv) Assume that G = G′ and H ⊆ H ′. Then there is a natural inclusion MG/H′ → MG/H .
By Theorem 2.7, there is a corresponding G-equivariant morphism X → X ′. If moreover H =
H ′, then FX = FX′ and X is G-equivariantly isomorphic to X ′ by Theorem 2.5. This is the
reason why we use the word “isomorphic” in (iii).
The following is the key lemma of Theorem 4.5, and the lemma itself is meaningful.
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Lemma 4.10. Keep notations as in Theorem 4.5. Let L0 = P0∩P
−
0 be the standard Levi factor
of P0 and P
−
0 . Let x˜0 ∈ X˜ be the point such that Gx˜0 = P
−
0 . Denote by X0 = pi
−1
0 (x˜0). Identify
X˜ with G/P−0 . Then the following hold.
(a) X0 is a complete spherical L0/H0-embedding, where H0 = L0 ∩Gx0 , and x0 is any point
in the open B-orbit of X such that x0 ∈ X0. Moreover, B0x0 is an open subset of X0, where
B0 = B ∩ L0.
(b) There is a P0-equivariant isomorphism τ : Ru(P0)×X0 → pi
−1
0 (Bx˜0).
(c) The natural morphism φ :MX →MX0 induced by the restriction of rational functions is
an isomorphism of free abelian groups.
(d) The map Ψ : B(X)\D1 → B(X0), D 7→ D ∩X0 is bijective and it’s compatible with the
morphism φ. And pi♯0 : D(G/P
−
0 )→ D1, D
′ → pi−10 (D
′) is a bijective map.
(e) The isomorphism φ−1 : MX0 → MX induces an immersion Φ : FX → FX0 of colored
fans, where Φ(CcY ) = C
c
Y ∩X0
for all closed G-orbit on X.
(f) If D1 = D0(G/H), then D0(L0/H0) = ∅.
Proof. (a) Firstly, note that Bx˜0 is the open B-orbit on X˜. Since X˜ is G-homogeneous and pi0 is
G-equivariant, for any Y ∈ SX,G, pi0(Y ) = X˜ and pi0(Y o) = Bx˜0, where Y o is the open B-orbit
on Y , which exists by [Kn91, Cor. 2.2]. In particular, we can choose a point x0 on the open
B-orbit of X such that pi0(x0) = x˜0. Without loss of generality, we can assume that H = Gx0 .
In particular, P−0 = {g ∈ G|gX0 = X0} and H ⊆ P
−
0 .
Let B0 = B ∩L0 = B ∩ P
−
0 and H0 = H ∩L0. Then Bx0 ∩X0 = {b · x0 | b ∈ B, pi0(b · x0) =
x˜0} = (B ∩ P
−
0 )x0 = B0x0. Since Bx0 is an open subset of X , B0x0 is an open subset of
X0. Moreover, (L0)x0 = Gx0 ∩ L0 = H ∩ L0 = H0. Since X is complete and X0 is a closed
subscheme of X , we know that X0 is complete. Hence, to show that X0 is a complete spherical
L0/H0-embedding, we only need to show that X0 is irreducible and normal.
Now we consider the following diagram (∗):
G×X0
θ
//
p

X
π0

G
π
// G/P−0 .
In the diagram (∗), θ(g, x) = g · x, p(g, x) = g, and pi(g) = g · x˜0 for all g ∈ G, and x ∈ X0.
It’s easy to see that the diagram (∗) is cartesian, i.e. G ×X0 is the fiber product of G and X
over G/P−0 . Since pi is a smooth morphism, θ is a smooth morphism to a normal variety. Thus,
G×X0 is normal, which implies that X0 is normal. On the other hand, since pi0 is G-equivariant
and P−0 /H is irreducible, the fibers of pi0 are irreducible. In particular, X0 is irreducible. Hence,
X0 is a complete spherical L0/H0-embedding and B0 · x0 ⊆ X0 is an open subset.
(b) Since Ru(P0) ∩ Gx˜0 = Ru(P0) ∩ P
−
0 = {e}, we know that Ru(P0)x˜0
∼= Ru(P0). There is
a natural morphism τ : Ru(P0) ×X0 → Ru(P0)X0, (v, x) 7→ v · x. Note that BP
−
0 = P0P
−
0 =
Ru(P0)P
−
0 in G, which implies that Bx˜0 = P0x˜0 = Ru(P0)x˜0 in X . Hence, Ru(P0)X0 =
pi−10 (Ru(P0)x˜0) = pi
−1
0 (Bx˜0) = pi
−1
0 (P0x˜0) is a P0-stable open subset ofX . Consider the following
commutative diagram:
Ru(P0)×X0
τ
//
φ1

Ru(P0)X0
φ2

Ru(P0)x˜0 Ru(P0)x˜0.
For any v ∈ Ru(P0), the morphism φ
−1
1 (v · x˜0)
τ
−→ φ−12 (v · x˜0) is an isomorphism. Thus,
τ : Ru(P0)×X0 → Ru(P0)X0 is an isomorphism of varieties.
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Now we define a P0-action on Ru(P0) ×X0 as follows. Since P0 is a semi-direct product of
Ru(P0) and L0, for every element p ∈ P0, there is a unique pair (l, v) ∈ L0 × Ru(P0) such that
p = lv. Then for any point (v0, x) ∈ Ru(P0) ×X0, define the action p · (v0, x) = (lvv0l−1, l · x).
Thus, the morphism P0×Ru(P0)×X0 → Ru(P0)×X0, (p, v0, x) 7→ p · (v0, x) defines a P0-action
on Ru(P0)×X0, and τ is a P0-equivariant isomorphism.
(c) Firstly, we want to use the isomorphism τ in (b) to show that there is an isomorphism
C(Ru(P0)×X0)(B) ∼= C(X0)(B0), which is similar with the proof of [Per, Lem. 10.1.11].
Now we define the following two morphisms:
ϕ1 : C(Ru(P0)×X0)(B) → C(X0)(B0)
f 7→ f |{e}×X0 ,
and
ϕ2 : C(X0)(B0) → C(Ru(P0)×X0)(B)
f0 7→ (Ru(P0)×X0 → C, (v0, x) 7→ f0(x)).
We need to show that ϕ2 is well-defined. Take f0 ∈ C(X0)(B0), (v0, x) ∈ Ru(P0) ×X0 and
b ∈ B. Since b ∈ P0, there is a unique pair (l, v) ∈ L0×Ru(P0) such that b−1 = lv. Thus, v ∈ B
and l ∈ L0 ∩B = B0. Let f = ϕ2(f0). We get that (b · f)(v0, x) = f(b−1 · (v0, x)) = f(lvv0l−1, l ·
x) = f0(l · x) = (l
−1 · f0)(x) = χf0(l
−1)f0(x). Note that T ⊆ B0 and χ(B0) = χ(T ) = χ(B).
Thus, χf0 ∈ χ(B) and χf0(b) = χf0(v
−1)χf0 (l
−1) = χf0(l
−1), i.e. b · f = χf0(b)f . Hence,
f ∈ C(Ru(P0)×X0)(B), and ϕ2 is well-defined.
It’s clear that ϕ1 is well-defined and ϕ1, ϕ2 are the inverse of each other. Therefore,
C(Ru(P0)×X0)(B) ∼= C(X0)(B0).
By the isomorphism τ in (b), C(X)(B) = C(pi−10 (Bx˜0))
(B) ∼= C(Ru(P0)×X0)(B) ∼= C(X0)(B0).
Thus, there is an isomorphism of groups φ :MX →MX0 . Denote by φ
∗ the dual mapNX0 → NX .
(d) Take anyD′ ∈ D(G/P−0 ). Since pi0 isG-equivariant and the fibers are irreducible, pi
−1
0 (D
′)
is an irreducible B-stable divisor, i.e. pi−10 (D
′) ∈ D(G/H). On the other hand, by the definition
of pi0, for any D
′′ ∈ D1, pi0(D′′) ∈ D(G/P
−
0 ). Moreover,
∑
D∈D1
pi0(D) is an ample B-stable
divisor on G/P−0 . By the intersection theory on rational homogeneous spaces (see for example
[Br05, Prop. 1.3.6]), this implies that D′ ⊆
⋃
D∈D1
pi0(D). So pi
−1
0 (D
′) ∈ D1, pi
−1
0 pi0(D
′′) = D′′
and pi0pi
−1
0 (D
′) = D′. Therefore, pi♯0 : D(G/P
−
0 ) → D1, D
′ → pi−10 (D
′) is a bijective map, and
for any D ∈ B(X), pi0(D) 6= G/P
−
0 if and only if D ∈ D1.
Let S0 = {D ∈ B(X) | D ∩ pi
−1
0 (Bx˜0) 6= ∅}. By (b), there is a bijective map S0 →
B(X0), D 7→ D ∩X0. We claim that S0 = B(X)\D1. Note that the claim is equivalent to the
assertion that for any D ∈ B(X), pi0(D) = G/P
−
0 if and only if D ∈ S0.
Consider the following commutative diagram (∗∗):
Ru(P0)×X0
τ
//
φ1

X
π0

Ru(P0)x˜0
i
// G/P−0 .
In the diagram (∗∗), the morphism i is the inclusion and Ru(P0)×X0 → X is the composition
Ru(P0)×X0 → pi
−1
0 (Bx˜0) ⊆ X , and τ , φ1 are as those in the commutative diagram in the proof
of (b).
For any D ∈ S0, pi0(D) = Bpi0(D) ⊇ Bx˜0, i.e. pi0(D) = G/P
−
0 . For any D ∈ B(X)\S0, D ⊆
X\pi−10 (Bx˜0). So pi0(D) 6= G/P
−
0 . Hence, the claim holds, i.e. Ψ : B(X)\D1 → B(X0), D 7→
D ∩X0 is a bijective map.
14
Now we consider the inverse of the map Ψ. By (b), for any D ∈ B(X0), Ψ−1(D) =
Ru(P0)D = BD. Hence, for any f ∈ C(X)(B), we have νD(f |X0) = νΨ−1(D)(f), i.e. ρX0(D) =
φ(ρX(Ψ
−1(D))). So Ψ is compatible with φ. Thus, (d) holds.
(e) Remark that by (c), the condition (i) in Definition 4.8 is satisfied and we can identify
(NX)Q with (NX0)Q as vector spaces. By (d), the condition (iii) in Definition 4.8 is satisfied.
We identify B(X)\D1 with B(X0) in the set theory, when there is no confusion.
Now we check the condition (ii) in Definition 4.8. Let pX0 : Ru(P0) × X0 → X0 be the
projection. Define
p∗X0 : C(X0)→ C(Ru(P0)×X0)
∼= C(X),
f0 7→ f0 ◦ pX0 ,
and
(pX0)∗ : {valuations on X} → {valuations on X0},
µ 7→ (C(X0)\{0} → Q, f0 7→ µ(p∗X0f0)).
Note that C(X0)(B0)
p∗X0−−→ C(X)(B) induces a morphism MX0 → MX , which is exactly the
inverse of the isomorphism φ :MX →MX0 in (c).
On the other hand, take any µ ∈ V(G/H), i.e. µ is a G-invariant valuation on X . Take any
l ∈ L0, then (pX0)∗µ(l · f0) = µ(p
∗
X0
(l · f0)) = µ(l · p∗X0(f0)) = µ(p
∗
X0
(f0)) = (pX0)∗µ(f0), i.e.
(pX0)∗µ is a L0-invariant valuation on X0. Therefore, the condition (ii) in Definition 4.8 is also
satisfied.
Now we define a map ψ : SX0,L0 → SX,G, Y0 7→ GY0. For any D ∈ BGY0 , Ψ(D) = D ∩X0 ⊇
GY0 ∩ X0 ⊇ Y0, i.e. Ψ(D) ∈ BY0 , which implies that C
c
GY0
⊆ CcY0 . Since X = GX0 and
X0 =
⋃
Y0∈SX0,L0
Y0, we know that X =
⋃
Y ∈ψ(SX0,L0)
Y , which implies that ψ is surjective.
For any Y ∈ ScX,G, take any Y1, Y2 ∈ SY ∩X0,L0 . Note that pi0(Y ) = G/P
−
0 , thus, Y ∩X0 6= ∅.
Since Y is G-homogeneous, ψ(Y1) = ψ(Y2) = Y . Thus, CY ⊆ CY1 ∩ CY2 . Since X is a complete
variety, Y is G-equivariantly isomorphic to a rational homogeneous space. In particular, as a
G-spherical variety, rank(Y ) = 0. Thus, by [Kn91, Thm. 6.3], dim(CY ) = rank(MX), which
implies that CoY ⊆ C
o
Y1
∩ CoY2 . By Theorem 2.5, C
o
Y1
∩ CoY2 ∩ V(L0/H0) ⊇ C
0
Y ∩ V(G/H) 6= ∅. By
the definition of colored fans, CcY1 = C
c
Y2
, i.e. Y1 = Y2. Hence, the L0-stable set Y ∩X0 is indeed
a L0-orbit. So the map η : S
c
X,G → S
c
X0,L0
, Y 7→ Y ∩X0 is well-defined and ψ ◦ η = idScX,G .
For any Y ∈ ScX,G and any D ∈ B(X0), if D ⊇ η(Y ), then Ψ
−1(D) = BD ⊇ B(Y o ∩X0) =
Y o, where Y o is the open B-orbit on Y , which exists by [Kn91, Cor. 2.2]. It should also be
noticed that the fact Y o ∩X0 6= ∅ follows from the facts that pi0(Y ) = G/P
−
0 and pi0(Y
o) is the
open B-orbit on G/P−0 . Thus, C
c
Y ∩X0
⊆ CcY . Hence, C
c(Y ) = CcY ∩X0 for all Y ∈ S
c
X,G.
By the fact V(G/H) ⊆ V(L0/H0) and Theorem 2.5, η can be extended uniquely to SX,G →
SX0,L0 satisfying the condition (iv) in Definition 4.8.
Therefore, we have shown that there is an immersion of colored fans Φ : FX → FX0 induced
by the map φ−1 : MX0 → MX in the sense of Definition 4.8, and Φ(C
c
Y ) = C
c
Y ∩X0
for all
Y ∈ ScX,G.
(f) It’s a direct consequence of the compatibility of Ψ and φ. More precisely, if D1 =
D0(G/H), then by (d), for anyD ∈ D(L0/H0), Ψ−1(D) ∈ D(G/H)\D0(G/H), and ρL0/H0(D) =
φ(ρG/H(Ψ
−1(D))) 6= 0, i.e. D0(L0/H0) = ∅.
Now we can complete the proof of Theorem 4.5.
Proof of Theorem 4.5(ii)(iii). Keep notations as in Lemma 4.10.
(ii) Note that by Lemma 4.10(d)(e) and Remark 4.9(i), we get the following fact
FX ⊆ FX0 , and FX0\FX = {C
c
Y0 ∈ FX0 | C
o
Y0 ∩ V(G/H) = ∅}. (3)
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By Proposition 3.2, the fact (3) implies that if X0 is locally factorial (resp. Q-factorial), then
X is locally factorial (resp. Q-factorial).
Conversely, if X is locally factorial (resp. Q-factorial, smooth), then by Lemma 4.10(b), X0
is also locally factorial (resp. Q-factorial, smooth).
If X0 is smooth, then the morphism pi0 is a smooth morphism from X to a smooth variety
G/P−0 . Hence, X is a smooth variety.
If X is projective, then its closed subvariety X0 is also projective.
Now we assume that X0 is projective. Take any Cartier B0-stable divisor δ0 =
∑
D∈B(X0)
nDD.
Then by the fact (3), and [Br89, Prop. 3.1], the B-stable divisor δ =
∑
D∈B(X0)
nDΨ
−1(D) is
Cartier. Note that by [Br89, Prop. 3.1], the B-stable divisor D0 is also Cartier.
If δ0 is moreover ample, then by the fact (3), Lemma 4.10(d), Definition 2.4, and the formulas
(1)(2) on page 6, we can get the following two conclusions.
• If µ is a wall in FX , then µ0 is a wall in FX0 , where µ = φ
∗(µ0) and φ
∗ : (NX0)Q → (NX)Q
is the dual map induced by the isomorphism φ in Lemma 4.10(c). Moreover, (D0 + δ) · Cµ =
δ · Cµ = δ0 · Cµ0 > 0.
• If Y ∈ ScX,G andD ∈ D(G/H)\(D1∪DY ), then Y ∩X0 ∈ S
c
X0,L0
, Ψ(D) ∈ D(L0/H0)\DY ∩X0
and (D0 + δ) · CD,Y = δ · CD,Y = δ0 · CΨ(D),Y ∩X0 > 0.
Note that if Y ∈ ScX,G and D ∈ D1, then by the formula (2) on page 6, (D0 + δ) · CD,Y =
D · CD,Y = 1 > 0. Hence, by [Br93, Thm. 3.2(ii)], the Cartier divisor D0 + δ is ample, and X
is projective.
(iii) The “only if” part: Denote by l : X0 → X the natural inclusion. Then by Proposition
3.1(i) and Lemma 4.10(d), Psef 1(X0) ⊆ l∗(Psef
1(X)). By the assumption that Psef 1(X) =
Nef 1(X) and the projection formula, Psef 1(X0) ⊆ Nef
1(X0). Hence, Nef
1(X0) = Psef
1(X0).
For the “if” part, we want to apply [Br93, Thm. 3.2(ii)] and the formulas (1)(2) on page 6.
Let D1 ∈ B(X)\D1, µ is a wall in FX , Y ∈ ScX,G and D ∈ D(G/H)\(DY ∪ D1). Then
by Lemma 4.10(d), the fact (3), and the formulas (1)(2) on page 6, we know that D1 · Cµ =
Ψ(D1) · Cµ0 ≥ 0 and D1 · CD,Y = Ψ(D1) · CΨ(D),Y ∩X0 ≥ 0, where µ0 = (φ
∗)−1(µ) is the
corresponding wall of FX0 .
On the other hand, by Lemma 4.4(i)(ii)(iii), for any D ∈ D1 ⊆ D0(G/H), D ∈ Nef
1(X) and
CD ∈ Nef1(X). Hence, by Proposition 3.1(ii) and [Br93, Thm. 3.2(ii)], Nef
1(X) = Psef 1(X).
Remark 4.11. Keep notations as in Theorem 4.5 and Lemma 4.10. Define G ×P
−
0 X0 as the
set of the quotient of G×X0 by equivalences (gp, x) ∼ (g, px) for all g ∈ G, p ∈ P
−
0 and x ∈ X0.
Then G×P
−
0 X0 is bijective to X as sets. Thus, X is the geometric quotient of G×X0 by P
−
0 .
In general, X is not isomorphic to the product G/P−0 ×X0. In Subsection 4.4, when discussing
the pseudo-effective and nef cones of smooth projective horospherical varieties, we will give a
conterexample (see Example 4.45). The parabolic subgroup P−0 has a close relationship with the
set D1, especially in the horospherical cases (see Theorem 4.29). Moreover, we will prove the
converse of Theorem 4.5 in the horospherical cases (see Theorem 4.30).
4.2 Toric varieties
By the discussions in [Fult93, Chapter 5], we can define an intersection theory on Q-factorial
complete toric varieties with the intersection numbers in Q. The main result in this subsection
is Theorem 4.13, who says that if X is a projective Q-factorial variety such that Nef k(X) =
Psef k(X) for some 1 ≤ k ≤ dim(X)− 1, then X is a quotient of the product of some projective
spaces by a finite group.
Let X be a Q-factorial complete toric variety, and FX be the fan of X . Take a cone σ ∈ FX ,
and assume v1, . . . , vk to be the primitive lattice points along rays of σ. Let Nσ = NX ∩span(σ),
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where span(σ) ⊆ (NX)Q is the subspace generated by σ. Define mult(σ) = [Nσ :
k∑
i=1
Zvi]. Let
τ ∈ FX be a cone such that σ ∩ τ = {0}, then define
V (σ) · V (τ) =
{
mult(σ).mult(τ)
mult(γ) V (γ), if γ = 〈σ, τ〉 ∈ FX ,
0, otherwise,
where V (σ), V (τ), and V (γ) are the orbit closures on X of the corresponding cones. When X
is a smooth complete toric variety, this intersection theory coincides with the usual one.
Remark 4.12. Let X be a Q-factorial complete toric variety. By the intersection theory on it,
the cones Eff k(X), Psef k(X), and Nef k(X) are well-defined.
(i) Let Y be another Q-factorial complete toric variety and f : Y → X be a toric morphism.
We want to show the projection formula for f . More precisely, we claim that the equality f∗(f
∗η ·
ξ) = η · f∗ξ holds for all η ∈ Ak(X)Q and ξ ∈ Am(Y )Q, where 0 ≤ k ≤ dim(X) and 0 ≤ m ≤
dim(Y ).
By Proposition 3.1(i) and the linearity of the formulas at the two sides, to show the claim,
we can assume that η is represented by an orbit closure. Since X is Q-factorial, there exist
Cartier divisors η1, . . . , ηk and a positive rational number λ such that η = λ
k∏
i=1
ηi. Thus, by the
induction on k and the projection formula for Cartier divisors, f∗(f
∗η ·ξ) = f∗(f∗(λ
k∏
i=1
ηi) ·ξ) =
λf∗(
m∏
i=1
f∗ηi · ξ) = λ
k∏
i=1
ηi · f∗ξ = η · f∗ξ.
(ii) By (i), we can see that the proof of Theorem 3.4 holds for X without any change. In
particular, for any integer k, Nef k(X) ⊆ Eff k(X) = Psef k(X) and the products of nef cycle
classes are nef.
Theorem 4.13. Let X be a Q-factorial projective toric variety of dimension n. Then the
following are equivalent.
(i) There exists some 1 ≤ k ≤ n− 1 such that Psef k(X) = Nef k(X).
(ii) For all 1 ≤ k ≤ n− 1, Psef k(X) = Nef k(X).
(iii) There is a finite surjective toric morphism f : Pd1× . . .×Pdρ → X, where ρ is the Picard
number of X and d1, . . . , dρ are some positive integers such that their sum is just n.
If X is moreover smooth, then the conditions above are also equivalent to
(iv) X ∼= Pd1 × . . .× Pdρ , where ρ, d1, . . . , dρ are as in (iii).
Proof. Note that by the projection formula, (iii) implies (ii). Hence, by [FS09, Prop. 5.3], to
complete the proof, we only need to show the following two claims for the case when X is a
Q-factorial projective toric variety of dimension n.
Claim 1: If Psef 1(X) = Nef 1(X), then for all 2 ≤ k ≤ n− 1, Psef k(X) = Nef k(X).
Claim 2: If Psef k(X) = Nef k(X) for some 2 ≤ k ≤ n− 1, then Psef 1(X) = Nef 1(X).
By Proposition 3.1(i), for both claims, we only need to analysis the intersections of orbit
closures.
The claim 1 is a direct consequence of the fact that the products of nef cycles on X are nef
and the fact that each orbit closure on X is the intersection of some prime divisors up to a
multiplicity.
To show the claim 2, it suffices to show that for any (n − 1)-dimensional cone σ ∈ FX and
any primitive lattice point v which generates a ray of FX , the intersection number V (σ) · V (v)
is nonnegative .
Assume that σ = 〈v1, . . . , vn−1〉, where vi is the primitive lattice point on a ray Ri of σ.
By reordering vi, we can assume that vi 6= v for all i = 1, . . . , k − 1. Since X is Q-factorial,
Q+v ∩ 〈v1, · · · , vk−1〉 = {0}.
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If v, v1, . . . , vk−1 don’t generate any k-dimensional cone in FX , then V (v) ·
k−1∏
i=1
V (vi) = 0.
If v, v1, . . . , vk−1 generate a cone γ in FX , then V (v) ·
k−1∏
i=1
V (vi) =
1
mult(γ)V (γ).
All in all, V (v) ·
k−1∏
i=1
V (vi) ∈ Psef
k(X) = Nef k(X). Denote by τ the face of σ generated by
vk, . . . , vn−1, then
n−1∏
i=k
V (vi) =
1
mult(τ)V (τ) ∈ Psef
n−k(X). Hence, V (σ) · V (v) = mult(σ)V (v) ·
n−1∏
i=1
V (vi) =
mult(σ)
mult(τ) (V (v) ·
k−1∏
i=1
V (vi)) · V (τ) ≥ 0. Then the claim 2 holds. The conclusion
follows.
4.3 Toroidal varieties
In this subsection, we show in Theorem 4.16 that if X is a smooth projective G-spherical variety
such that DX = ∅ and Nef
k(X) = Psef k(X) for some 1 ≤ k ≤ dim(X) − 1, then X must
be isomorphic to a rational homogeneous space. Note that this theorem is a generalization of
Theorem 4.13.
Definition 4.14. (i) A spherical G/H-embedding X is toroidal, if DX = ∅.
(ii) Let Γ be a connected linear algebraic group. A Γ-variety X is said to be regular if the
following conditions are satisfied:
(a) there is an open Γ-orbit on X;
(b) the closure of every Γ-orbit is smooth;
(c) for any Y ∈ SX,Γ, if its closure Y 6= X, then Y is the transversal intersection of the orbit
closures of codimension one containing Y ;
(d) for any point x ∈ X, the isotropy group Γx has a dense orbit in the normal space of the
orbit Γ · x in X.
(iii) Let Γ be a connected algebraic group, X be a smooth Γ-variety, and D ⊆ X be a Γ-stable
divisor with normal crossings. We say that X is a log homogeneous Γ-variety with boundary
D, if the natural morphism of G-linearized sheaves opX,D : OX ⊗ h→ TX(−logD) is surjective,
where h is the Lie algebra of Γ and TX(−logD) is the logarithmic tangent sheaf corresponding to
D.
Proposition 4.15. ([BB96, Prop. 2.2.1], [Br07, Cor. 2.1.4, Cor. 3.2.2]) Let X be a smooth
complete G-variety. Then X is a toroidal spherical variety if and only if it’s a regular variety if
and only if it’s a log homogeneous variety.
Theorem 4.16. Let X be a smooth projective toroidal G/H-embedding of dimension n. Then
the following are equivalent:
(i) there exists some 1 ≤ k ≤ n− 1 such that Nef k(X) = Psef k(X);
(ii) for all 1 ≤ k ≤ n− 1, Nef k(X) = Psef k(X);
(iii) X is isomorphic to a rational homogeneous space.
Note that in the condition (iii) of the theorem, X may be not G-homogeneous, but it’s
homogeneous under the action of a lager group.
Proof. We depart the condition (i) into the following two conditions:
(ia) there is an equality Nef 1(X) = Psef 1(X);
(ib) there exists some 2 ≤ k ≤ n− 2 such that Nef k(X) = Psef k(X).
(iii)⇒ (ii) Since X is a rational homogeneous space, it’s well-known that there are two dual
bases of H∗(X), see for example [Br05, Prop. 1.3.6]. Note that for the rational homogeneous
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space X , the natural cycle map A∗(X)→ H∗(X) is an isomorphism. Thus, the conclusion (ii)
follows.
(ii)⇒ (ib) is trivial.
(ib)⇒ (ia) Assume that Nef 1(X) 6= Psef1(X), then by the duality, we can choose an extremal
ray R of NE(X) such that R * Nef1(X). Assume that E is an irreducible B-stable divisor such
that E · R < 0. Choose a curve C ∈ R and let F = GC. Since E · C < 0 and DX = ∅, we know
that E ∈ VX and E ⊇ F .
By [Br93, Thm. 3.1], there exists a corresponding contraction pi = contR : X → X ′. Thus, F
is a component of the exceptional locus. Assume that a = dim(F ) and b = dim(pi(F )). Note that
F = GC is a G-orbit closure. Let D1 = E,D2 . . . , Dt be all the boundary divisors containing F .
By Proposition 4.15 and the definition of regular varieties, t is exactly the codimension of F in
X , and
t∏
i=1
Di = F in A
∗(X).
Take b general very ample divisors H ′t+1, . . . , H
′
t+b on X
′. Let Dj be a general global section
of pi∗H ′j for t+ 1 ≤ j ≤ t+ b. Take n− t− b− 1 general ample divisor Dt+b+1, . . . , Dn−1 on X .
Thus,
n−1∏
i=1
Di = λC in N1(X)R, where λ > 0. Hence, E ·
n−1∏
i=1
Di < 0.
On the other hand,
k∏
i=1
Di ∈ Psef
k(X) = Nef k(X), and E ·
n−1∏
i=k+1
Di ∈ Psef
n−k(X). Thus,
E ·
n−1∏
i=1
Di = (E ·
n−1∏
i=k+1
Di) ·
k∏
i=1
Di ≥ 0. We get a contradiction. Thus, the conclusion (ia) holds.
(ia)⇒ (iii) Denote by X1, . . . , Xm all the boundary divisors and identify ∂X with the divisor
m∑
i=1
Xi. By Proposition 4.15, X is a regular variety. Hence, each Xi is a smooth variety.
Denote by li : Xi → X the natural inclusion and NXi/X the normal bundle of Xi in X . Then
by [BB96, Prop. 2.3.2, Prop. 4.1.1], there are two short exact sequences
0→ TX(−log∂X)→ TX →
m⊕
i=1
(li)∗NXi/X → 0,
and
0→ H0(X,TX(−log∂X))→ H0(X,TX)→
m⊕
i=1
H0(X, (li)∗NXi/X)→ 0.
Note that the second exact sequence appeared in the proof of [BB96, Prop. 4.11].
Now we consider the following commutative diagram:
H0(X,TX(−log∂X))⊗OX


//
φ1

H0(X,TX)⊗OX // //
φ2

m⊕
i=1
H0(X, (li)∗NXi/X)⊗OX
φ3

TX(−log∂X)


// TX // //
m⊕
i=1
(li)∗NXi/X .
By Proposition 4.15 and the definition of log homogeneous varieties, TX(−log∂X) is globally
generated, i.e. φ1 is surjective. By (ia), each Xi is a nef Cartier divisor on X . By [Per12,
Cor. 3.2.11], OX(Xi) is globally generated, which implies that NXi/X = (OX(Xi))|Xi is globally
generated. Thus, φ3 is surjective. Then by the Short Five Lemma, φ2 is surjective, i.e. the
tangent bundle TX is globally generated, which implies that X is a homogeneous variety. Since
spherical varieties are rational (see for example [Per12, Cor. 2.1.3]), X is isomorphic to a rational
homogeneous space.
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4.4 Horospherical varieties
The main results in this subsection are as follows. Let X be a smooth projective horospherical
G/H-embedding such that H ⊇ Ru(B) and NG(H) = PI . Theorem 4.28 says that if Nef
2(X) =
Psef 2(X) and dim(X) ≥ 3, then Nef 1(X) = Psef 1(X). Corollary 4.43 says that if Nef 1(X) =
Psef 1(X), then there is a G-equivariant morphism pi : X → G/PS\D0(G/H) and each fiber is
isomorphic to the product of some smooth projective L-horospherical varieties of Picard number
one, where D0(G/H) is identified with a subset of S\I by Remark 4.18 in the following, and
L is a Levi factor of PS\D0(G/H). Corollary 4.43 is a direct consequence of Theorem 4.29 and
Theorem 4.41.
This subsection is organized as follows. In the the part 4.4.1, we study some properties on
horospherical varieties. In the part 4.4.2, we prove Theorem 4.28, which has been described as
above. In the part 4.4.3, we study the G-equivariant morphism pi mentioned above. In the part
4.4.4, we describe of the fiber of pi.
4.4.1 Preliminaries
In order to study the smooth projective horospherical varieties whose effective cycles of codi-
mension k are nef for k = 1 or 2, we need to study some related properties on horospherical
varieties. These results are easy to prove, but we fail to find references to include them.
Now we describe the contents in this part. Let X be a horospherical G/H-embedding such
thatH ⊇ Ru(B). Firstly, we make a remark on the isotropy groupGx and its normalizerNG(Gx)
for a point x ∈ X . Then we show in Corollary 4.21 that if X is Q-factorial, then there is a one to
one correspondence between the rays of FX and the elements in VX ∪DX . We continue to recall
the description of the Picard number of X (assuming X to be complete) and the descriptions of
the G-orbits on X . Finally, we study the relationship between the images of G-orbits and the
images of colored cones in Proposition 4.26.
Definition 4.17. A spherical G/H-embedding X is G-horospherical if there is a point x ∈ G/H
such that Gx ⊇ Ru(B). We also say that X is a horospherical G/H-embedding.
Firstly, we will summarize some well-known results on horospherical varieties, which will be
used frequently in the following.
Remark 4.18. Let X be a horospherical G/H-embedding such that H ⊇ Ru(B). Then the
following hold.
(i) NG(H) is a parabolic subgroup of G containing B, and TH = HT = NG(H).
(ii) Let I be the subset of S such that PI = NG(H). Then PI/H is isomorphic to a torus,
MG/H ∼= χ(PI/H) and H = KerPIMG/H . We identify MG/H and χ(PI/H). Moreover, PI
is the unique parabolic subgroup P of G containing B such that H is the intersection of some
characters of P .
(iii) There is a bijective map S\I → D(G/H), α 7→ Dα. When there is no confusions, we
will identify them. Moreover, this identity only depends on the triple (B, T, U), where U = G/H
is the open G-orbit.
(iv) For any α ∈ S\I, ρ(νDα) = α
∨|MG/H , where α
∨ is the corresponding coroot.
(v) Let B′ be any Borel subgroup of G, then by [Hu75, Cor. 21.3A], there exists some
element g ∈ G such that Ru(B′) = gRu(B)g−1. Let x = H/H ∈ G/H ⊆ X. Then Gg·x =
gHg−1 ⊇ Ru(B′). So X is also a horospherical G/H ′-embedding such that H ′ ⊇ Ru(B′) for
any given Borel subgroup B′ and some corresponding H ′. Therefore, when saying that X is a
horospherical G/H-embedding, we can either assume H ⊇ Ru(B) or assume H ⊇ Ru(B′) for
any fixed Borel group B′ of G. This doesn’t matter. In particular, we can assume H ⊇ Ru(B−)
and NG(H) = P
−
I if necessary.
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Note that by [Pa06, Prop. 1.3], NG(H) is a parabolic subgroup P of G, and it’s the unique
parabolic subgroup P of G containing B such that H is the intersection of the kernels of some
characters of P . Then we can easily know the conclusions (i) and (ii). The conclusion (iii)
follows from the Bruhat decomposition of a rational homogeneous space and the one to one
correspondence between the B-orbits on G/H and the B-orbits on G/PI induced by the natural
morphism pi : G/H → G/PI . The conclusion (iv) follows from the isomorphism in (ii).
For a spherical G/H-embedding X , we also use ρ to denote the composition of the maps
B(X)→ {valuations} → (NX)Q, D 7→ νD 7→ ρ(νD).
Proposition 4.19. Let X be a spherical G/H-embedding and Y be a G-orbit on X. Then
VY = VX ∩ ρ−1(CY ).
Proof. By the definition, VY ⊆ VX ∩ ρ−1(CY ).
On the other hand, take any D ∈ VX ∩ ρ−1(CY ). Let XY be the open G-subset which is a
simple spherical G/H-embedding with the unique closed G-orbit Y . By [Kn91, Thm. 2.5b], the
center of νD exists on XY . This implies that D ∩ XY 6= ∅, since the center of νD on X is D.
Since Y is the unique G-orbit on XY , D ∩XY ⊇ Y . Thus, D ⊇ Y and D ∈ VY . The conclusion
follows.
Proposition 4.20. Let X be a spherical G/H-embedding and Y be a G-orbit. Then DY ∩
ρ−1(V(G/H)) = {D ∈ DX |ρ(νD) ∈ CY ∩ V(G/H)}. If X is moreover G-horospherical, then
DY = {D ∈ DX |ρ(νD) ∈ CY }, and BY = {D ∈ VX ∪DX | ρ(νD) ∈ CY }.
Proof. By the definition of CY , ρ(DY ) ⊆ CY . On the other hand, assume that D ∈ DZ ∩
ρ−1(CY ∩ V(G/H)), where Z is a G-orbit on X .
Let C be the minimal face of CY containing ρ(νD). Then ρ(νD) ∈ Co. Since ρ(νD) ∈ V(G/H),
Co∩V(G/H) 6= ∅. Then by Definition 2.4, there is a subset D ⊆ D(G/H) such that (C,D) ∈ FX .
By Theorem 2.5, there is a G-orbit V on X such that Y ⊆ V and CcV = (C,D). Note that
ρ(νD) ∈ CoV , and C
c
V is a colored face of C
c
Y .
A similar discussion implies that there is a G-orbit V ′ on X such that ρ(νD) ∈ CoV ′ , and C
c
V ′
is a colored face of CcZ . In particular, ρ(νD) ∈ C
o
V ∩ C
o
V ′ ∩ V(G/H). Then by the condition (ii)
in Definition 2.4, (CV ,DV ) = (CV ′ ,DV ′), which implies V = V
′ by Theorem 2.5.
On the other hand, by the fact D ∈ DZ and the definition of colored faces, D ∈ DV ′ = DV ,
i.e. D ⊇ V . Hence, D ⊇ V ⊇ Y and D ∈ DY . So DY ∩ ρ−1(V(G/H)) = {D ∈ DX |ρ(νD) ∈
CY ∩ V(G/H)}.
If X is moreover G-horospherical, then the conclusion follows from [Kn91, Cor. 6.2] and
Proposition 4.19.
Corollary 4.21. Let X be a Q-factorial horospherical G/H-embedding. Then there is a bijective
map ψ : VX ∪DX → {rays of FX}, D 7→ Q+ρ(νD).
Proof. By Proposition 3.2(ii), ψ is well-defined. Take any ray R of FX . By the definition of FX ,
R is generated by some D ∈ VX ∪DX , i.e. ψ is surjective.
By [Kn91, Cor. 6.2] and Theorem 2.5, there exists a G-orbit Y on X such that CY = R.
If D′ ∈ VX ∪ DX also satisfies that ρ(νD′) ∈ R, then by Proposition 4.20, D,D′ ∈ BY . By
Proposition 3.2(ii), D = D′, i.e. ψ is injective.
Let X be a Q-factorial horospherical G/H-embedding. Let R = Q+e be a ray of FX , then
we denote by DR or De the unique element in VX ∪DX such that ρ−1(R) = {DR} = {De}.
By Proposition 3.1(ii) and Corollary 4.21, we can get the formula to compute the Picard
number of a complete Q-factorial horospherical variety. More precisely, we have the following
Proposition 4.22. Let X be a complete Q-factorial G-horospherical variety. Then the Picard
number of X is ρ(X) = m− r + d, where m is the number of rays in FX, r = rank(G/H), and
d is the number of elements in the set D(G/H)\DX .
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Proposition 4.23. ([BM13, Prop. 2.4]) Let X be a horospherical G/H-embedding and Y be a
G-orbit on X. Assume that H ⊇ Ru(B) and NG(H) = PI . Then
(i) MCY ⊆ χ(PI∪DY ), where MCY =MG/H ∩ C
⊥
Y ;
(ii) Y is G-equivariantly isomorphic to G/K, where K = KerPI∪DY MCY ;
(iii) dim(Y ) = rank(MCY ) + dim(G/PI∪DY ).
Lemma 4.24. Let P be a parabolic subgroup of G containing B. Then (G/P )Ru(B) = {P/P}.
Proof. Denote by x0 = P/P . Assume that x ∈ (G/P )Ru(B), i.e. Gx ⊇ Ru(B). Since G/P is
G-homogeneous, there exists an element g ∈ G such that g · x0 = x. Thus, Gx = gPg−1 is
a parabolic subgroup. By [Gi07, Prop. 11.1], there is a maximal torus T ′ ⊆ Gx ∩ P . Thus,
Gx ⊇ Ru(B)T
′ = B. Then by [Hu75, Cor. 23.1], Gx = P . In particular, g ∈ NG(P ) = P .
Hence, x = g · x0 = x0.
Corollary 4.25. Keep notations as in Proposition 4.23. Then the following hold.
(i) K ⊇ H, MCY =MG/K and NG(K) = PI∪DY .
(ii) Denote by x = H/H ∈ G/H. If there is a G-equivariant morphism φ : G/H → Y , then
NG(Gφ(x)) = PI∪DY .
Proof. (i) By Proposition 4.23 and Remark 4.18(i)(ii), K ⊇ H , MCY ⊆MG/K and NG(K) is a
parabolic subgroup of G such that NG(K) ⊆ PI∪DY .
Note that G/K is homogeneous horospherical variety. Thus, by Remark 4.18(i), dim(G/K) =
rank(MG/K) + dim(G/NG(K)). By the facts MCY ⊆ MG/K , NG(K) ⊆ PI∪DY and Proposition
4.23(iii), rank(MG/K) = rank(MCY ) and dim(NG(K)) = dim(PI∪DY ). Thus,MCY is a subgroup
of MG/K with a finite index. Since NG(K) and PI∪DY are parabolic subgroups with the same
dimension and NG(K) ⊆ PI∪DY , we know that NG(K) = PI∪DY .
By Remark 4.18(ii), MG/K = χ(PI∪DY /K) ⊆ χ(PI/H) = MG/H . Since MCY is a subgroup
of MG/K with a finite index, (MCY )Q = (MCG/K )Q as subspaces of (MG/H)Q. In particular,
MG/K ⊆ MG/H ∩ (MCY )Q. By Proposition 4.23(i), (MCY )Q ⊆ (MG/H)Q ∩ C
⊥
Y . Thus, MG/K ⊆
MG/H ∩ (MG/H)Q ∩ C
⊥
Y =MG/H ∩ C
⊥
Y =MCY . Hence, MG/K =MCY .
(ii) Identify Y withG/K. Denote by y = K/K ∈ G/K, y′ = φ(x), K ′ = Gy′ , P = PI∪DY and
z = P/P ∈ G/P . Denote by pi1 : G/H → Y and pi2 : Y → G/P the natural morphisms induced
by the inclusions H ⊆ K ⊆ P . By Lemma 4.24, pi2(y′) = z. Thus, y′ ∈ (pi2)−1(z) = P/K ⊆ Y .
In particular, there is some element g ∈ P such that g · y = y′. Thus, K ′ = gKg−1 and
NG(K
′) = gNG(K)g
−1 = gPg−1 = P .
The following properties are direct consequences of the corresponding propositions in Section
2, but we will use them frequently later. For the convenience of discussions, we state them
explicitly.
Proposition 4.26. (i) Let X be a horospherical G/H-embedding, Y be a G-orbit on X and σ
be a face of CY . Then there exists a unique G-orbit V (σ) on X such that CV (σ) = σ. Moreover,
Y ⊆ V (σ) and CcV (σ) is a colored face of C
c
Y .
(ii) Let X be a spherical G/H-embedding and X ′ be spherical G/H ′-embedding. Assume that
H ⊆ H ′ and there is a G-equivariant morphism pi : X → X ′ extending the natural morphism
G/H → G/H ′. Denote by φ : (NX)Q → (NX′)Q the corresponding morphism. Let Y ⊆ X and
Y ′ ⊆ X ′ be G-orbits such that φ(CY )
o ∩ CoY ′ 6= ∅. Then pi(Y ) = Y
′.
(iii) Let X be a horospherical G/H-embedding and X ′ be a horospherical G/H ′-embedding.
Assume that X is projective and Q-factorial, H ⊆ H ′ and there is a G-equivariant morphism
pi : X → X ′ extending the natural morphism G/H → G/H ′. Denote by φ : (NX)Q → (NX′)Q the
corresponding morphism. Let Y ⊆ X and Y ′ ⊆ X ′ be two closed G-orbits such that φ(CY ) $ CY ′ .
Then there is a wall µ in FX such that pi(Cµ) is a point, where Cµ is the curve described in
Remark 2.9.
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Proof. (i) It’s a direct consequence of Theorem 2.5 and [Kn91, Cor. 6.2].
(ii) By Theorem 2.7 and the fact φ(CY )
o ∩ CoY ′ 6= ∅, we know that φ(CY )
o ⊆ CoY ′ . Then
by Theorem 2.7 and Theorem 2.5, pi maps XY into X
′
Y ′ where XY (resp. X
′
Y ′) is the simple
spherical open subvariety of X (resp. X ′) with the unique closed G-orbit Y (resp. Y ′). In
particular, the G-orbit Z = pi(Y ) on X ′ satisfies that Z ⊆ Y ′. By Theorem 2.7, φ(CY ) ⊆ CZ
and CZ is a face of CY ′ . Since CY ′ is a strictly convex cone and CZ ∩CoY ′ ⊇ φ(CY )∩C
o
Y ′ 6= ∅, we
know that CZ = CY ′ . By (i), Z = Y
′, i.e. pi(Y ) = Y ′.
(iii) By [Kn91, Thm. 6.3], dim(CY ) = dim(NX)Q. Note that φ : (NX)Q → (NX′)Q is a
surjective morphism of vector spaces. Hence, dim(φ(CY )) = dim(NX′)Q. By Theorem 2.5, CY
and CY ′ are strictly convex cones. Then φ(CY ) is also a convex cone. Note that φ(C
o
Y ) ⊆ φ(CY )
o,
i.e. φ(∂CY ) ⊇ ∂φ(CY ). Note that ∂φ(CY ) ∩ CoY ′ 6= ∅. Thus, there exists a face µ ⊆ CY of
codimension one such that φ(µ) ∩ CoY ′ 6= ∅. Thus, φ(µ)
o ⊆ CoY ′ . By (i), µ is a wall of FX and
there exists a G-orbit V on X such that CV = µ. By (ii), pi(V ) = Y
′.
By Remark 2.9, Cµ = (V )
Ru(B). Thus, pi(Cµ) ⊆ (Y ′)Ru(B). Note that Y ′ is a complete
G-orbit, then by Lemma 4.24, there is only one Ru(B)-fixed point on Y
′. The conclusion
follows.
4.4.2 Smooth projective horospherical varieties whose effective cycle classes of
codimension two are nef
In this part, we firstly show in Proposition 4.27 that the exceptional locus of a birational Mori con-
traction of a projective Q-factorialG-horospherical variey is irreducible and we can even describe
the corresponding colored cone. Then we show that if X is a smooth projective horospherical
G/H-embedding of dimension n ≥ 3 such that Nef 2(X) = Psef 2(X), then Nef 1(X) = Psef 1(X).
Let X be a projective Q-factorial spherical G/H-embedding of rank r and µ be wall of
FX . Choose primitive lattice points e1, . . . , er+1 in NX such that µ = 〈e1, . . . , er−1〉, µ+ =
〈e1, . . . , er〉 and µ− = 〈e1, . . . , er−1, er+1〉, where (µ+,D+), (µ−,D−), (µ,D) ∈ FX for some
D+,D− ⊆ D(G/H) and D ⊆ D+ ∩D−. Then there is a unique sequence a1, . . . , ar+1 ∈ Q such
that
r+1∑
i=1
aiei = 0 and ar+1 = 1. Note that ar > 0.
By reordering ei, we can assume that
ai

< 0, 1 ≤ i ≤ α,
= 0, α+ 1 ≤ i ≤ β,
> 0, β + 1 ≤ i ≤ r + 1.
If all ai are nonnegative, then let α = 0. Note that 0 ≤ α ≤ β ≤ r − 1.
Proposition 4.27. Let X be a projective Q-factorial horospherical G/H-embedding, and R be
an extremal ray of NE(X). Denote by pi = contR : X → X ′ the corresponding contraction.
Assume that pi is a birational morphism. Let A be the exceptional locus of pi and A′ = pi(A).
Then A is an G-orbit closure.
(i) Suppose that R = R+Cµ, where µ is a wall in FX . Keep notations as the discus-
sions above. Then A is the G-orbit closure on X such that CA = 〈e1, . . . , eα〉, and CA′ =
〈e1, . . . , eα, eβ+1, . . . , er+1〉.
(ii) Suppose that R doesn’t contain any Cµ for walls µ in FX and that R = R+CD,Y , where
Y is a closed G-orbit on X and D ∈ D(G/H)\DY . Then ρ(νD) ∈ CY , A is the G-orbit
closure on X such that CA = 〈e1, . . . , es〉, and CcA′ = (CA,DA ∪ {D}), where CY = 〈e1, . . . , er〉,
ρ(νD) =
s∑
i=1
aiei, and ai > 0 for all 1 ≤ i ≤ s.
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Proof. By [Br93, Thm. 3.2(ii)], either R = Q+Cµ for some wall µ in FX or R = Q+CD,Y for
some closed G-orbit Y and some D ∈ D(G/H)\DY . Hence, if the conclusions (i)(ii) hold, then
A is a G-orbit closure. So we can turn to show the conclusions (i) and (ii).
(i) Denote by ϕ : FX → FX′ the morphism of colored fans corresponding to pi. Let σ =
〈e1, . . . , eα〉, and τ = 〈e1, . . . , eα, eβ+1, . . . , er+1〉. Denote by Z the closed G-orbit such that
CZ = 〈e1, . . . , er〉. By [Br93, Prop. 4.6], Cπ(Z) = 〈e1, . . . , er+1〉, and τ is a face of Cπ(Z). Thus,
by Proposition 4.26(i), there exists a G-orbit V (σ) on X such that CV (σ) = σ and a G-orbit
V ′(τ) on X ′ such that CV ′(τ) = τ .
Denote by X−σ = X\V (σ) and X ′−τ = X
′\V ′(τ). By Theorem 2.5, FX\FX−σ = {(C,D) |
C ⊇ σ}, and FX′\F′X′−τ = {(C
′,D′) | C′ ⊇ τ}. By [Br93, Prop. 4.6], FX−σ is identified with
F′X′−τ by ϕ. By Theorem 2.5 and Theorem 2.7, X−σ is G-equivariantly isomorphic to X
′
−τ by
the morphism pi. In particular, A ⊆ V (σ).
Denote by XV (σ) (resp. X
′
V ′(τ)) the simple spherical open subvariety of X (resp. X
′) with
the unique closed G-orbit V (σ) (resp. V ′(τ)). Since XV (σ)\V (σ) ⊆ X−σ, pi maps XV (σ)\V (σ)
isomorphically to its image.
On the other hand, σ ⊆ τ , i.e. ϕ maps σ into τ . By Theorem 2.7, pi maps XV (σ) into
X ′V ′(τ). In particular, pi(V (σ)) ⊇ V
′(τ). Denote by Z = pi(V (σ)). Then CcZ is a colored face
of CcV ′(τ). The fact that ai < 0 for all 1 ≤ i ≤ α and ai > 0 for all β + 1 ≤ i ≤ r + 1 impies
σo ⊆ τo. By Proposition 4.26(ii), pi(V (σ)) = Z = V ′(τ). By Corollary 4.25(i), rank(V (σ)) =
rank(V ′(τ)) + r − β. In particular, rank(V (σ)) 6= rank(V ′(τ)). Thus, pi|V (σ) : V (σ) → V
′(τ) is
not an isomorphism. Hence, A ∩ V (σ) 6= ∅.
Since A is closed and G-stable, A ⊇ G(A ∩ V (σ)) = V (σ). Hence, A = V (σ). Since A is
complete, A′ = pi(V (σ)) = V ′(τ).
(ii) Denote by ϕ : FX → FX′ the morphism of colored fans corresponding to pi.
Assume that ρ(νD) /∈ CY . By [Br93, Prop. 3.4], (〈CY , ρ(νD)〉,DY ∪{D}) is a colored cone in
FX′ . By the fact CY $ 〈CY , ρ(νD)〉 and Proposition 4.26(iii), there is a wall µ in FX such that
Cµ is contracted by pi, i.e. Cµ ∈ R. It’s contradicted with our assumption. Hence, ρ(νD) ∈ CY .
Assume that CY = 〈e1, . . . , er and ρ(νD) =
s∑
i=1
aiei, where ai > 0 for all 1 ≤ i ≤ s. Denote by
σ = 〈e1, . . . , es〉. Note that σ = 〈σ, ρ(νD)〉 is a face of CY = 〈CY , ρ(νD)〉. By [Br93, Prop. 3.4]
and Theorem 2.5, there is a G-orbit Y ′ on X ′ such that CcY ′ = (CY ,DY ∪ {D}). By Proposition
4.26(ii), pi(Y ) = Y ′. By Proposition 4.26(i), there is a G-orbit V on X and a G-orbit V ′ on X ′
such that CV = CV ′ = σ. Denote by F−σ the subset of FX such that FX\F−σ = {(C,D)|C ⊇ σ},
and F′−σ the subset of FX′ such that FX′\F
′
−σ = {(C
′,D′)|C′ ⊇ σ}. By Theorem 2.5, the
spherical G/H-embeddings X−V and X
′
−V ′ satisfy that FX−V = F−σ and FX′−V ′ = F
′
−σ, where
X−V = X\V and X
′
−V ′ = X
′\V ′. By [Br93, Prop. 3.4], F−σ is identified with F′−σ by ϕ. By
Theorem 2.5 and Theorem 2.7, X−V is G-equivariantly isomorphic to X
′
−V ′ by the morphism pi.
In particular, A ⊆ V .
On the other hand, by Proposition 4.26(ii), pi(V ) = V ′. By Theorem 2.5, CcV (resp. C
c
V ′) is a
colored face of CcY (resp. C
c
Y ′). Since DY ′ = DY ∪ {D}, DV ′ = DV ∪ {D}. Then by Proposition
4.23(iii), dim(V ) 6= dim(V ′). In particular, A ∩ V 6= ∅.
Since A is closed and G-stable, A ⊇ G(A ∩ V ) = V . Hence, A = V , and CA = CV = σ. Since
A is complete, A′ = pi(V ) = V ′, and CcA′ = C
c
V ′ = (CV ,DV ∪ {D}) = (CA,DA ∪ {D}).
Theorem 4.28. Let X be a smooth projective horospherical G/H-embedding of dimension n ≥ 3
such that Nef 2(X) = Psef 2(X). Then Nef 1(X) = Psef 1(X).
Proof. When n = 3, the conclusion follows from the duality. So we can assume n ≥ 4. Now
assume that H ⊇ Ru(B), NG(H) = PI and there is an extremal ray R of NE(X) such that
R * Nef1(X).
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By [Br93, Thm. 3.1], there exists a corresponding contraction pi = contR : X → Y . Let
A ⊆ X be the exceptional locus, and A′ = pi(A). By Corollary 4.2, dim(A) = 1 and dim(A′) = 0.
By Proposition 4.27, A is a G-orbit closure. Thus, A is an irreducible G-stable curve on X
and A′ is a G-stable point on Y . Now we will get contradictions case by case as follows.
Case 1. Assume that there exist irreducible divisors D and E such that
(i) D is B-stable and D · A < 0,
(ii) E is G-stable and A ⊆ E, and
(iii) D 6= E.
By Proposition 3.2(ii), Q+ρ(vE) is an extremal ray of CA, and there is a unique proper face C
of CA of codimension one not containing ρ(vE). By Proposition 4.26(i), there is a unique G-orbit
closure W such that CW = C, and A $ W . Note that DW ⊆ DA ⊆ DW ∪ {E} by Proposition
4.20 and Proposition 3.2. Since E ∈ VX , DA = DW .
Since E and W are both G-stable, E ∩W is the union of some G-orbits. Take any G-orbit
V contained in E ∩ W . By Theorem 2.5, CV ⊇ 〈CW , ρ(νE)〉 = CA. Thus, V ⊆ A. Hence,
E ∩W ⊆ A, i.e. A = E ∩W . Therefore, dim(W ) = 2, and E ·W = λA in N1(X)R for some
λ > 0. Thus, D · E ·W < 0.
On the other hand, the fact D 6= E implies that D · E ∈ Psef 2(X) = Nef 2(X). Hence,
D · E ·W ≥ 0. We get a contradiction.
Case 2. Assume that every irreducible G-stable divisor E has property E ·A ≥ 0.
By [Per12, Thm. 3.3.9], −KX ·A ≥ 0. Thus, the length l(R) = −KX ·A of the extremal ray
R is nonnegative. By [Io86, Thm. (0.4)], dim(X) ≤ 2 dim(A) − l(R) + 1 ≤ 3. It’s contradicted
with our assumption on the dimension of X .
Case 3. Assume that there is an irreducible G-stable divisor E such that E · A < 0, and E
is the unique irreducible B-stable divisor having a negative degree on the curve A.
By [Br93, Thm. 3.2(ii)], either A = λCµ in N1(X)R for some wall µ of FX and λ > 0, or
C = λCD,Z in N1(X)R for some closed G-orbit Z, D ∈ D(G/H)\DZ and λ > 0.
Case 3.1. Assume that A = λCµ in N1(X)R, where µ is a wall in FX and λ > 0.
Let µ, µ+, µ−, ei, ai, α, β, r be as in the discussions before Proposition 4.27. Let De be the
irreducible B-stable divisor on X such that ρ(vDe) ∈ Q
+e, which is unique by Corollary 4.21.
By Proposition 4.27, CA = 〈e1, . . . , eα〉, CA′ = 〈e1, . . . , eα, eβ+1, . . . , er+1〉. By Proposition 4.23,
1 = dim(A) = r − α + dim(G/PI∪DA). Since α ≤ β ≤ r − 1, we know that α = β = r − 1 and
S = I ∪DA. Thus, D(G/H) = S\I = DA ⊆ {De1 , . . . , Deα}.
On the other hand, by the formula (1) on page 6, the intersection number Dei · Cµ has the
same sign as ai. In particular, Dei · Cµ < 0 for all 1 ≤ i ≤ α. By the uniqueness of E in
the assumption of Case 3, α = 1 and De1 = E. Hence, rank(G/H) = r = α + 1 = 2 and
D(G/H) ⊆ {E}. However, E is G-stable. So D(G/H) = ∅, i.e. PI = G. Thus, dim(X) =
dim(G/H) = rank(G/H) + dim(G/PI) = 2, which is contradicted with our assumption on the
dimension of X .
Case 3.2. Assume that there doesn’t exist any wall µ in FX such that A = λCµ in N1(X)R
for some λ > 0. By [Br93, Thm. 3.2(ii)], we can assume that C = λCD,Z in N1(X)R, where
λ > 0, Z is a closed G-orbit on X and D ∈ D(G/H)\DZ . By the assumption, we can apply
[Br93, Prop. 3.4] to get FY .
Denote by CZ = 〈e1, . . . , er〉, and ρ(vD) =
r∑
i=1
aiei. Thus, by the formula (2) on page 6,
D · CD,Z = 1, Dei · CD,Z = −ai for all 1 ≤ i ≤ r, and for any D
′ ∈ B(X)\{De1 , . . . , Der}, the
intersection number D′ · CD,Z ≥ 0.
By Proposition 4.27, ρ(νD) ∈ CZ , i.e. ai ≥ 0 for all 1 ≤ i ≤ r. Then by the uniqueness
of E in the assumption of Case 3, we can assume that E = De1 , a1 > 0 and ai = 0 for all
2 ≤ i ≤ r, i.e. ρ(vD) = a1e1 = a1ρ(vE). By Proposition 4.27(ii), E is the exceptional locus of
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pi, i.e. E = A. Since A is a curve and E is a prime divisor on X , we know that dim(X) = 2. It
is contradicted with our assumption on the dimension of X . Hence, the conclusion follows.
4.4.3 Reduction morphisms on horospherical varieties
In this part, we analysis the horospherical cases of Theorem 4.5 and show its converse in the
horospherical cases.
Let X be a complete horospherical G/H-embedding such that H ⊇ Ru(B−) and NG(H) =
P−I . By Remark 4.18, D(G/H) is identified with S\I. Let D1 be a subset of D0(G/H). By
Theorem 4.5(i), D0 induces a G-equivariant morphism pi0 : X → G/P
−
0 , where D0 =
∑
D∈D1
D,
and P−0 is some parabolic subgroup of G containing B
−. Let x0 = H/H ∈ G/H , x˜0 = pi0(x0)
and X0 = pi
−1
0 (x˜0). Note that Bx0 is the open B-orbit on X and Gx˜0 = P
−
0 . Then by
Lemma 4.10(a)(e), X0 is a complete spherical L0/H0-embedding and there is an immersion
Φ : FX → FX0 , where L0 = P0 ∩ P
−
0 and H0 = H ∩ L0.
Theorem 4.29. Keep notations as in the discussions above. Then the following hold.
(i) P0 = PS\D1 , H0 ⊇ Ru(B
−
0 ) and X0 is a complete horospherical L0/H0-embedding.
(ii) For any α ∈ I ∪D1, 〈ML0/H0 , α
∨〉G = 0.
(iii) Ru(P
−
S\D1
) acts trivially on X0.
(iv) The map Φ : FX → FX0 is an isomorphism of colored fans.
Proof. (i) Consider the restricted morphism pi0|G/H : G/H → G/P
−
0 . By Lemma 4.24, this
morphism is induced by the inclusion H ⊆ P−0 . By Lemma 4.10(d), pi
♯ : D(G/P−0 )→ D1, D
′ 7→
pi−10 (D
′) is a bijective map. Apply Remark 4.18(iii) to G/H and G/P−0 respectively, we get that
P0 = PS\D1 . As a closed subscheme of X , X0 is complete. Note that H0 = H ∩ L0 ⊇ Ru(B
−).
Hence, the spherical L0/H0-embedding is L0-horospherical.
(ii) By Lemma 4.10(c) and Remark 4.18(ii), ML0/H0 =MG/H ⊆ χ(P
−
I ). Thus, for all α ∈ I,
〈ML0/H0 , α
∨〉G = 0.
By Remark 4.18(iii)(iv) and the fact D1 ⊆ D0(G/H), β∨|MG/H = ρ(νDβ ) = 0 for all β ∈ D1.
Hence, 〈ML0/H0 , β
∨〉G = 0.
(iii) Note that (B ·x0)∩X0 = {b ·x0 | b ∈ B, pi(b ·x0) = x˜0} = {b ·x0 | b ∈ Gx˜0 ∩B} = B0 ·x0.
Thus, P−0 · x0 ⊇ B0 · x0 is an open subset of X0.
Note that (P−0 )x0 = H ∩ P
−
0 = H ⊇ Ru(B
−) ⊇ Ru(P
−
0 ). Take any point x ∈ P
−
0 · x0. There
exists some element p ∈ P−0 such that p · x0 = x. Thus, (P
−
0 )x = p(P
−
0 )x0p
−1 ⊇ pRu(P
−
0 )p
−1 =
Ru(P
−
0 ). Hence, Ru(P
−
0 ) ⊆
⋂
x∈P−0 ·x0
(P−0 )x, i.e. Ru(P
−
0 ) act trivially on the open subset P
−
0 · x0
of the irreducible variety X0. Therefore, Ru(P
−
0 ) act trivially on X0.
(iv) By Lemma 4.10(e), FX ⊆ FX0 and FX0\FX = {(C,D) ∈ FX0 | C
o ∩ V(G/H) = ∅}.
However, by [Kn91, Cor. 6.2], V(G/H) = (NX)Q. Hence, FX = FX0 .
Theorem 4.30. Let D1 ⊆ S be a subset. Denote by P0 = PS\D1 , L0 = P0 ∩ P
−
0 the standard
Levi factor and B0 = B ∩ L0. Suppose that the following three conditions hold.
(a) There is a P−0 -action on a normal variety X0 such that Ru(P
−
0 ) acts trivially on X0, and
X0 is a horospherical L0/H0-embedding, where H0 ⊇ Ru(B
−
0 ).
(b) For any α ∈ D1, 〈ML0/H0 , α
∨〉G = 0.
(c) NL0(H0) = P
−
I,L0
is the parabolic subgroup of L0 containing B0 corresponding to the subset
I of the set S\D1 of simple roots of L0. And for any α ∈ I, 〈ML0/H0 , α
∨〉G = 0.
Let H = KerP−I
ML0/H0 , where PI is the parabolic subgroup of G containing B corresponding
to the subset I of the set S of simple roots of G. Then the following hold.
(i) The variety X = G×P
−
0 X0 is a horospherical G/H-embedding, and FX = FX0 .
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(ii) There is an inclusion D1 ⊆ D0(G/H).
(iii) Assume that X0 is complete. Let pi0 : X → X˜ be the morphism corresponding to D1
as in Theorem 4.5(i). Then X˜ is G-equivariantly isomorphic to G/P−0 and pi
−1
0 pi0(x0) is P
−
0 -
equivariantly isomorphic to X0.
Note that ML0/H0 ⊆ χ(B0) = χ(B). Hence, the pairing 〈−,−〉G in the conditions (a) and
(b) are well-defined. By Remark 4.18(i), NL0(H0) is a parabolic subgroup of L0 containing
B−0 . Since L0 = PS\D1 ∩ P
−
S\D1
, the set of the simple roots of L0 corresponding to (B0, T )
is S\D1. Hence, the condition (c) is well-defined. Remark that the conditions (a)(b)(c) are
corresponding to the conclusions (i)(ii)(iii) in Theorem 4.29. So Theorem 4.30 is indeed the
converse of Theorem 4.5 in the horospherical cases.
Proof. The condition (c) implies that ML0/H0 ⊆ χ(PI). So H = KerPIML0/H0 is well-defined,
and H ⊇ Ru(B). In particular, G/H is a homogeneous horospherical variety. We will show this
theorem in two steps.
Step 1. We will construct a horosphericalG/H-embeddingX ′ with the colored fan isomorphic
to FX0 .
Note that P−I ∩ L0 is a parabolic subgroup of L0 containing B
−
0 . Then by the one to
one correspondence between parabolic subgroups of L0 containing B
−
0 and subsets of S\D1,
P−I,L0 = P
−
I ∩ L0. Hence, H ∩ L0 = KerP−I ∩L0
ML0/H0 = KerP−I,L0
ML0/H0 = H0, where the last
equality follows from Remark 4.18(ii).
Note that ML0/H0 ⊆ χ(P
−
I /H) ⊆ χ(P
−
I,L0
/H0). By Remark 4.18(ii), MG/H = χ(P
−
I /H)
and ML0/H0 = χ(P
−
I,L0
/H0). Hence, MG/H = ML0/H0 , and NG/H = NL0/H0 . Remark that (ii)
of this theorem follows from the condition (b) and the identity MG/H =ML0/H0 .
By considering the natural morphisms L0 → P
−
0 → P
−
0 /H , we get an inclusion L0/H0 ⊆
P−0 /H . On the other hand, P
−
0 = Ru(P
−
0 )L0 and Ru(P
−
0 ) ⊆ H . Hence, L0/H0 = P0/H ,
and G/H ∼= G ×P
−
0 P−0 /H
∼= G ×P
−
0 L0/H0. This implies that there is an injective map
Ψ : D(L0/H0)→ D(G/H), D 7→ B ×D. From the inclusion L0/H0 = P
−
0 /H ⊆ G/H , we can get
a natural morphism φ : C(G/H)(B) → C(L0/H0)(B0), f 7→ f |L0/H0 . SinceMG/H =ML0/H0 , φ is
an isomorphism. Moreover, ρL0/H0(νD) = ρG/H(νΨ(D)) for all D ∈ D(L0/H0). Thus, D(L0/H0)
can be identified with a subset of D(G/H). By [Kn91, Cor. 6.2], V(G/H) = (NG/H)Q and
V(L0/H0) = (NL0/H0)Q. Therefore, FX0 is a colored fan in (NG/H)Q = (NL0/H0)Q. By Theorem
2.5, there exists a horospherical G/H-embedding X ′ such that FX′ = FX0 .
Step 2. We claim that X ′ is G-equivariantly isomorphic to G×P
−
0 X0.
For the moment, we assume that X0 is complete. Then by [Kn91, Thm. 4.2, Cor. 6.2], X
′
is also complete. By Theorem 4.29(i)(iii) and the condition (a), the conclusion (iii) holds if we
replace X by X ′. By Remark 4.11, X ′ is G-equivariantly isomorphic to G×P
−
0 X0. Hence, when
X0 is complete, the conclusions (i) and (iii) hold.
Now we deal with the general case when X0 may be not complete. Let X0 be a normal G-
equivariant completion of X0. Let X ′ be a horospherical G/H-embedding such that FX′ = FX0
as in Step 1. By the discussions above, X ′ = G×P
−
0 X0. By Theorem 2.5, X
′ is the fiber product
of G×P
−
0 X0 and X ′ over G×P0 X0, i.e. X ′ = G×P0 X0. Hence, (i) holds.
4.4.4 Smooth projective horospherical varieties whose effective divisors are nef
Our main result in this part is Corollary 4.43, which has been described in the introduction of
Subsection 4.4. It’s a direct consequence of Theorem 4.29 and Theorem 4.41. So our main job
in this part is to show Theorem 4.41, who says that if X is a smooth projective horospherical
G/H-embedding such that D0(G/H) = ∅ and Nef
1(X) = Psef 1(X), then X is isomorphic to
the product of some smooth projective G-horospherical varieties of Picard number one.
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Our approach to show Theorem 4.41 is as follows. Firstly, by studying the toric variety
associated with X , we show that FX is a product
∏
i
Fi, (for the precise meaning, see Definition
4.37). Then we show that each Fi can be identified with the colored fan of a G-horospherical
varietyXi. Finally, we show that
∏
i
Xi is a horosphericalG/H-embedding such that F∏
i
Xi = FX ,
which implies that X is G-equivariantly isomorphic to
∏
i
Xi.
Guided by the approach above, we organize this part as follows. We firstly study the prop-
erties of the toric variety associated with X . Then we study the conditions when the product of
several G-horospherical varieties Xi is itself G-horospherical, and study the colored fan of
∏
i
Xi.
After these discussions, we turn to the proofs of Theorem 4.41 and Corollary 4.43. In the end,
we give an example to explain Corollary 4.43 and to show that the fiberation pi0 in Theorem 4.5
may be nontrivial.
Let X be a horospherical G/H-embedding such that H ⊇ Ru(B) and NG(H) = PI . We will
define a toroidal horospherical variety T (X) = G ×PI Y as follows. The maximal torus T ⊆ B
satisfies that PI = TH . Thus the torus TH = PI/H is a quotient of T . Let F = {C | (C,D) ∈
FX}. Thus, F is a fan in (NX)Q. By Theorem 2.5, there is a unique toric variety Y with the fan
FY = F and the maximal torus orbit TH . Since PI/H = TH ⊆ Y , we get that H has a trivial
action on Y , and PI has a natural action on Y . In the set theory, we define T (X) = G ×PI Y
to be the quotient of G × Y by equivalent relations that (g, py) ∼ (gp, y) for all g ∈ G, p ∈ PI ,
and y ∈ Y . Thus, T (X) is a toroidal horospherical G/H-embedding such that NT (X) = NX and
FT (X) = {(C, ∅) | (C,D) ∈ FX}.
Every G-orbit on T (X) has the form G ×PI Z, where Z is a TH -orbit on Y . Note that for
each cone (C, ∅) ∈ FT (X), there is a unique subset I(C) ⊆ S\I such that (C, I(C)) ∈ FX . By
Theorem 2.7, there is a unique birational G-equivariant morphism TX : T (X) → X extending
the identity G/H = G/H and inducing the morphism FT (X) → FX , (C, ∅)→ (C, I(C)).
Remark 4.31. Let X be a toroidal G-horospherical variety. By Theorem 2.5, T (X) = X.
Hence, there is a parabolic subgroup P of G and a toric variety Y such that Y is a P -variety
and X is G-equivariantly isomorphic to G ×P Y . This can also be seen from [Pa06, Example
1.13(2), Thm. 1.17, Example 1.19(3))].
Keep notations as in the discussions above. In fact, we can read a lot of information of X
from Y or inversely. Remark that Y is a T -horospherical variety which implies that theories
and results on horospherical varieties can be applied to Y . If µ is a wall of FX , then it is also a
wall of FY . Denote by CYµ the T -stable irreducible curve on Y corresponding to µ. For any ray
R = R+e of FX , denote by DYR or D
Y
e the corresponding T -stable prime divisor on Y .
Proposition 4.32. Let X be a projective Q-factorial horospherical G/H-embedding such that
H ⊇ Ru(B), NG(H) = PI , and T (X) = G×PI Y . Then the following hold.
(i) T (X) is a projective Q-factorial toroidal horospherical G/H-embedding and Y is a pro-
jective Q-factorial toric variety.
(ii) The variety X is locally factorial if and only if Y is smooth if and only if T (X) is smooth.
(iii) If moreover Nef 1(X) = Psef 1(X), then Nef 1(Y ) = Psef 1(Y ).
Proof. (i) The conclusion that T (X) and Y are Q-factorial follows from Proposition 3.2(ii).
Take any ray R in FX . By Corollary 4.21, there exists a unique prime divisor DR such that
ρX(νDR) ∈ R. Since ρY (νDYR ) is the primitive lattice point in R, there is a positive integer dR
such that ρX(νDR) = dRρY (νDYR ).
Let δ =
∑
R
nR(δ)DR +
∑
D∈D(G/H)\DX
nD(δ)D be an ample Cartier divisor on X , where R
runs over all the rays in FX . Denote by δY =
∑
R
nR(δ)
dR
DYR , where R runs over all the rays in FX .
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By [Br89, Prop. 3.1], δY is a Cartier divisor on Y . By the formula (1) on page 5, for any wall µ
in FX and any D ∈ D(G/H)\DX , D · Cµ = 0 and δY · CYµ = δ · Cµ > 0. Thus, δ
Y is an ample
Cartier divisor on Y , i.e. Y is projective.
Let δ′ be an ample Cartier divisor on G/PI . Then by [Br89, Prop. 3.1, Thm. 3.3], δ
Y + pi∗δ′
is an ample Cartier divisor on T (X). Hence, T (X) is projective.
(ii) follows from Proposition 3.2(i) and [Pa06, Thm. 2.6].
(iii) By the formula (1) on page 5, for each wall µ of FX , CYµ ∈ Nef1(Y ). Thus, Nef1(Y ) =
Psef1(Y ) and Nef
1(Y ) = Psef 1(Y ).
Lemma 4.33. Let X be a projective Q-factorial horospherical G/H-embedding such that Nef 1(X) =
Psef 1(X). Then D(G/H)\DX = D0(G/H), i.e. for all D ∈ D(G/H)\DX , ρ(νD) = 0;
Proof. By Theorem 2.5, for each G-orbit Y on X , CcY is a strictly convex colored cone. Hence, for
all D ∈ DY , ρ(νD) 6= 0. Therefore, D0(G/H) ⊆ D(G/H)\DX . Now assume that the inclusion
is strict, then there is a divisor D ∈ D(G/H)\DX such that ρ(νD) 6= 0.
Note that Supp(FX) = V(G/H) = (NX)Q by [Kn91, Thm. 4.2, Cor. 6.2]. Thus, there
is a closed G-orbit Y such that ρ(νD) ∈ CY . The fact D ∈ D(G/H)\DX implies that D ∈
D(G/H)\DY . Then there is a B-stable 1-cycle class CD,Y in N1(X)R defined as in the formula
(2) on page 6.
Assume CY = 〈e1, . . . , er〉. Then ρ(νD) =
r∑
i=1
aiei, where all ai ≥ 0 and there is an i0 such
that ai0 > 0.
By the definition of CY , there is an irreducible B-stable divisor D
′ such that ρ(νD′) = bi0ei0 ,
where bi0 > 0. Then by the formula (2) on page 6, the intersection number D
′ ·CD,Y = −
ai0
bi0
< 0.
Hence, D′ ∈ Psef 1(X)\Nef 1(X). We get a contradiction.
Remark that the condition Nef 1(X) = Psef 1(X) in Lemma 4.33 is necessary to guarantee
D(G/H)\DX = D0(G/H). In general, the inclusion D0(G/H) ⊆ D(G/H)\DX is strict. For
example, we have the following Proposition 4.34. Note that by [Pa09, Thm. 1.4, Thm. 1.7],
there exists a smooth projective horospherical G/H-embedding X such that rank(X) = 1 and
DX 6= ∅.
Proposition 4.34. Let X be a smooth projective horospherical G/H-embedding such that rank(X) =
1 and DX 6= ∅. Choose any D ∈ DX , then ρ(νD) 6= 0. There is a closed G-orbit Z such
that CZ = Q+ρ(νD) ∈ FX . Let X˜ = BlZ(X) be the blowing-up of X along Z. Then X˜ is a
smooth projective horospherical G/H-embedding, and pi−1∗ D ∈ D(G/H)\(DX˜∪D0(G/H)), where
pi : X˜ → X is the natural morphism, and pi−1∗ D is the strict transform of D.
Proof. By [Kn91, Thm. 4.2, Cor. 6.2], and Proposition 4.26(i), there are exactly three G-orbits
G/H,Z, Y on X , the two G-orbits Z and Y are complete, and −CY = CZ = Q+ρ(νD). Hence,
Y and Z are isomorphic to rational G-homogeneous spaces. In particular, Z is smooth. Hence,
X˜ is smooth. Since Z is a closed G-stable subvariety on X , there is a natural G-action on X˜
such that pi is G-equivariant. Since pi−1(G/H) = G/H is open in X˜, X˜ is a complete smooth
horospherical G/H-embedding. Since X is projective and pi is a projective morphism, X˜ is also
projective.
Since pi is G-equivariant, pi−1∗ D is a prime B-stable divisor and it is not G-stable. Thus,
pi−1∗ D ∈ D(G/H). Since pi is birational and pi maps (pi
−1
∗ D)∩(G/H) isomorphically toD∩(G/H),
we know that C(X)(B) = C(X˜)(B) and ρX˜(νπ−1∗ D) = ρX(νD) 6= 0, i.e. pi
−1
∗ D /∈ D0(G/H).
Moreover, since X˜ is the blowing-up ofX along Z, there are exactly threeG-orbitsG/H, pi−1(Z)
and pi−1(Y ) on X˜, where pi−1(Z) and pi−1(Y ) are the inverse images of Z and Y respectively. By
considering the morphism pi, we know that pi−1∗ D contains neither pi
−1(Z) nor pi−1(Y ). Hence,
pi−1∗ D /∈ DX˜ .
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Proposition 4.35. Assume that for each 1 ≤ i ≤ m, Xi is a horospherical G/Hi-embedding
such that Hi ⊇ Ru(B) and NG(Hi) = PIi . Denote by X =
m∏
i=1
Xi, H =
m⋂
i=1
Hi, and NG(H) = PI .
Then the following are equivalent:
(i) X is a G-horospherical variety;
(ii) X is a horospherical G/H-embedding;
(iii) the natural injective morphism pi : G/H →
m∏
i=1
G/Hi is an open immersion;
(iv) pi is an isomorphism;
(v) MG/H =
m⊕
i=1
MG/Hi , and if i 6= j, then for any root α ∈ S\Ii and any root β ∈ S\Ij, α
and β lie in different connected components of the Dynkin diagram of G.
Before proving this proposition, we give a lemma to explain the conditions in it.
Lemma 4.36. Keep notations as in Proposition 4.35. Then the following hold.
(i) I =
m⋂
i=1
Ii and PI =
m⋂
i=1
G/PIi .
(ii) Let ψ : G/PI →
m∏
i=1
G/PIi be the natural morphism. Then ψ is an isomorphism if and
only if for any i 6= j, any root α ∈ S\Ii and any root β ∈ S\Ij, α and β lie in different connected
components of the Dynkin diagram of G
Proof. (i) Denote by I ′ =
m⋂
i=1
Ii. Then PI′ =
m⋂
i=1
PIi . Let M
′ =
m∑
i=1
MG/Hi ⊆ χ(PI′), and
H ′ = KerPI′M
′. By Remark 4.18(i)(ii) PI′ =
m⋂
i=1
THi ⊇ TH = PI , and MG/Hi = χ(PIi/Hi) ⊆
χ(PI/H) =MG/H . Hence,M
′ ⊆MG/H , H
′ = KerPI′M
′ ⊇ KerPIM = H and H
′ = KerPI′M
′ ⊆
KerPIiMG/Hi = Hi. The later inclusion implies that H
′ ⊆
m⋂
i=1
Hi = H . Thus, H
′ = H , and
PI′ = TH
′ = TH = PI , i.e. I = I
′ =
m⋂
i=1
Ii and PI =
m⋂
i=1
G/PIi .
(ii) By (i), ψ is always injective. Since G/PI is complete, ψ is an isomorphism if and only if
the natural morphism Ψ : G →
m∏
i=1
G/PIi is dominant. Let R
− be the set of negative roots of
G, and R−I be the set of negative roots generated by −α where α ∈ I. Note that the tangent
space Ti of G/PIi at the origin PIi/PIi is naturally isomorphic to
⊕
α∈R−\R−Ii
gα, and the tangent
space TG of G at the origin is naturally isomorphic to its Lie algebra g. Hence, Ψ is dominant
if and only if the map between the tangent spaces at the origins TΨ : TG →
m⊕
i=1
Ti is surjective.
The later holds if and only if for any i 6= j, (R−\R−Ii) ∩ (R
−\R−Ij ) = ∅, i.e. R
− = R−Ii ∪ R
−
Ij
.
By checking the Dynkin diagrams of simple groups case by case, we know that this is equivalent
to the fact that for any i 6= j, any root α ∈ S\Ii and any root β ∈ S\Ij , α and β lie in different
connected components of the Dynkin diagram of G.
Proof of Proposition 4.35. (ii)⇒ (iii) By the definition of spherical varieties, G/H is the unique
open G-orbit on X . On the other hand,
m∏
i=1
G/Hi is a G-stable open subset on X . Hence, pi is
an open immersion.
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(iii)⇒ (iv) Consider the following commutative diagram (∗):
G/H
π
//
φ1

m∏
i=1
G/Hi
φ2

G/PI
ψ
//
m∏
i=1
G/PIi .
Since pi is dominant, φ2 is surjective and ψ ◦φ1 = φ2 ◦ pi, we know that ψ is dominant, which
implies that ψ is surjective, since G/PI is complete. On the other hand, ψ is injective, since
PI =
m⋂
i=1
PIi . Hence, ψ is an isomorphism. We identify G/PI with
m∏
i=1
G/PIi in the following.
Now we consider the fibers of φ1 and φ2. Denote by x = PI/PI ∈ G/PI =
m∏
i=1
G/PIi .
Since pi is an open immersion, the morphism φ−11 (x)
π
−→ φ−12 (x) is an open immersion. Thus,
the torus PI/H is a subgroup of the torus
m∏
i=1
PIi/Hi with finite index, which implies that
PI/H =
m∏
i=1
PIi/Hi. Thus, for any point x
′ ∈ G/PI , φ
−1
1 (x
′)
π
−→ φ−12 (x
′) is an isomorphism.
Hence, pi is an isomorphism.
(iv)⇒ (ii) Since B−H is an open subset of G,
m∏
i=1
G/Hi has an open B
−-orbit. By Proposi-
tion 2.2(i)(iii), X is a horospherical G/H-emedding.
(ii)⇒ (i) is trivial.
(i) ⇒ (iv) Let xˆ ∈ X be a point such that Gxˆ ⊇ Ru(B). Denote by pi : X → Xi the i-th
projection, Hˆ = Gxˆ, xˆi = pi(xˆ), and Hˆi = Gxˆi . Since G · xˆ is an open G-orbit on X , pi(G · xˆ) =
G/Hi. In particular, xˆi ∈ G/Hi. Now we consider the composition G · xˆ
pi
−→ G/Hi
ϕi
−→ G/PIi .
By Lemma 4.24, xˆi ∈ ϕ
−1
i (PIi/PIi). Thus, Hˆi ⊆ PIi and there is an element gi ∈ Pi such that
gi ·xi = xˆi, where xi = Hi/Hi ∈ G/Hi. Hence, Hˆi = giHig
−1
i andNG(Hˆi) = giNG(H)g
−1
i = PIi .
Denote by PIˆ = NG(Hˆ). Note that xˆ = (xˆ1, . . . , xˆm) in X =
m∏
i=1
Xi. Thus, Hˆ =
m⋂
i=1
Hˆi.
Apply the equivalence of the conclusions (ii) and (iv) in this theorem to Hˆ and Hˆi instead
of H and Hi, then we get that pˆi : G/Hˆ = G · xˆ →
m∏
i=1
G/Hˆi is an isomorphism. Note that
G/Hˆi = G·xˆi = G/Hi, and G/H ⊆
m∏
i=1
G/Hi. Thus, G/H ⊆ G·xˆ. Since G·xˆ is G-homogeneous,
G/H = G · xˆ. Hence, the natural morphism pi is an isomorphism.
(iv) ⇒ (v) Recall the first part of the proof of (iii) ⇒ (iv), we know that ψ is an isomor-
phism. By Lemma 4.36(ii), the second assertion of (v) holds. Since pi is an isomorphism, the
corresponding fibers PI/H and
m∏
i=1
PIi/Hi are isomorphic to each other. By Remark 4.18(ii),
MG/H = χ(PI/H) ∼=
m⊕
i=1
χ(PIi/Hi) =
m⊕
i=1
MG/Hi .
(v) ⇒ (iv) Consider the commutative diagram (∗) in the proof of (iii) ⇒ (iv). By Lemma
4.36(ii), ψ : G/PI →
m∏
i=1
G/PIi is an isomorphism. We identify them and still denote by
x = PI/PI ∈ G/PI . Then φ
−1
1 (x) = PI/H and φ
−1
2 (x) =
m∏
i=1
PIi/Hi are two tori. Since
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χ(PI/H) =MG/H =
m⊕
i=1
MG/Hi =
m⊕
i=1
χ(PIi/Hi), we get that PI/H
∼=
m∏
i=1
PIi/Hi. Thus, for any
point x′ ∈ G/PI , φ
−1
1 (x
′)
π
−→ φ−12 (x
′) is an isomorphism. Hence, pi is an isomorphism.
Definition 4.37. Let G/H be a homogeneous spherical variety, and F be a colored fan in
(NG/H)Q. We say that F is a product of F1, . . . ,Fm and denote by FX =
m∏
i=1
Fi, if there is
a decomposition NG/H =
m⊕
i=1
Ni of abelian groups such that
(i) Fi = {(C,D) ∈ F | C ⊆ (Ni)Q};
(ii) for any Cci = (Ci,Di) ∈ Fi,
m∏
i=1
Cci ∈ F, where
m∏
i=1
Cci = (
∏
i
Ci,
⋃
i
Di), and every colored
cone in F is of this form.
Proposition 4.38. Assume that for each 1 ≤ i ≤ m, Xi is a horospherical G/Hi-embedding
such that Hi ⊇ Ru(B). If X =
m∏
i=1
Xi is G-horospherical, then FX =
m∏
i=1
FXi .
Proof. LetH =
m⋂
i=1
Hi. Denote by PI = NG(H) and PIi = NG(Hi). By Proposition 4.35(i)(iv)(v),
MG/H =
m⊕
i=1
MG/Hi , NG/H =
m⊕
i=1
NG/Hi and G/H =
m∏
i=1
G/Hi. Thus, for any D ∈ D(G/Hi),
pi−1i (D) ∈ D(G/H) and ρG/H(νπ−1i (D)
) = ρG/Hi(νD) ∈ (NG/Hi)Q ⊆ (NG/H)Q, where pii : X →
Xi is the i-th projection. Note that by [Kn91, Cor. 6.2], V(G/H) = (NG/H)Q. So
m∏
i=1
FXi is a
colored fan in (NG/H)Q.
Let X ′ be a horospherical G/H-embedding such that FX′ =
m∏
i=1
FXi . By Theorem 2.7, there
is a G-equivariant morphism Φj : X
′ → Xj extending the natural morphism G/H → G/Hi
and inducing the morphism of colored fans φj : FX′ =
m∏
i=1
FXi → FXj . Define Φ : X
′ → X =
m∏
i=1
Xi, x 7→ (Φ1(x), . . . ,Φm(x)). Denote by φ =
m∏
i=1
φi : FX′ =
m∏
i=1
FXi → FX the morphism of
colored fans corresponding to Φ.
Step 2. For the moment, we assume that all Xi are complete. By [Kn91, Thm. 4.2, Cor. 6.2],
X ′ is also complete, which implies that the birational morphism Φ is surjective. By Theorem 2.7,
pii corresponds to a morphism of colored fans ψi : FX → FXi . Consider the morphism of colored
fans ψ =
m∏
i=1
ψi : FX →
m∏
i=1
FXi = FX′ ,C
c
Y 7→
m∏
i=1
ψi(C
c
Y ) and the identity G/H =
m∏
i=1
G/Hi. By
Theorem 2.7, they correspond to a G-equivariant morphism Ψ : X → X ′.
Take any Y ′ ∈ SX′,G. Let Y = Φ(Y ′) and Yi = φi(Y ′) = pii ◦ Φ(Y ′) = pii(Y ). By the
construction of FX′ , CcY ′ =
m∏
i=1
CcYi . By Theorem 2.7, φ(C
c
Y ′) ⊆ C
c
Y and ψi(C
c
Y ) ⊆ C
c
Yi
. Thus,
ψ ◦ φ(CcY ′) ⊆
m∏
i=1
CcYi = C
c
Y ′ . Since φ and ψ are compatible with the isomorphisms of vector
spaces (NX′)Q → (NX)Q and (NX)Q → (NX′)Q respectively, we get that ψ ◦ φ(CY ′) = CY ′ . By
Proposition 4.20, ρ−1X′ (ψ ◦φ)
−1(ρX′(DY ′)) = DX′ ∩ρ
−1
X′ (ψ ◦φ)
−1(CY ′) = DX′ ∩ρ
−1
X′ (CY ′) = DY ′ .
Thus, ψ ◦φ(CcY ′) = C
c
Y ′ . Hence, ψ ◦φ = idFX′ . By Theorem 2.7 and Theorem 2.5, Ψ ◦Φ = idX′ .
In particular, Φ is a injective morphism. Thus, the birational surjective G-equivariant morphism
Φ is an isomorphism and for each Yi ∈ SXi,G,
m∏
i=1
Yi is itself a G-oribt and C
c
m∏
i=1
Yi
=
m∏
i=1
CcYi .
Then the general case when Xi may be not complete follows from this fact and Theorem 2.5 by
taking a G-euqivariant normal completion for each Xi.
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Remark 4.39. If X =
m∏
i=1
Xi is only assumed to be G-spherical in Proposition 4.38, then
maybe FX 6=
m∏
i=1
FXi . We can consider an example as follows. Let X = X1 × X2, where
Xi = G/PS\{αi}. Assume for the moment that X is G-spherical. Then FX = FX1 × FX2 if
and only if rank(X) = 0 if and only if X is G-homogeneous is and only if X is G-equivariantly
isomorphic to G/PS\{α1,α2}. By Lemma 4.36(ii), the last assertion is equivalent to the fact that
α1 and α2 lie in different connected component of the Dynkin diagram of G. In particular, if G
is a simple group, then FX 6= FX1 ×FX2 . However, by [Li94], there exist such an example that G
is simple and simply connected, and G/PS\{α1}×G/PS\{α2} is G-spherical, (see Table I there).
Proposition 4.40. Assume that for each 1 ≤ i ≤ m, Xi is a complete Q-factorial horospherical
G/Hi-embedding. If X =
m∏
i=1
Xi is G-horospherical, then the following hold.
(i) ρ(X) =
m∑
i=1
ρ(Xi), where ρ(X) (resp. ρ(Xi)) is the Picard number of X (resp. Xi).
(ii) Nef 1(X) = Psef 1(X) if and only if Nef 1(Xi) = Psef
1(Xi) for all 1 ≤ i ≤ m.
Proof. (i) By Proposition 4.38, FX =
m∏
i=1
FXi , which implies that SX,G = {
m∏
i=1
Yi | Yi ∈ SXi,G}.
Hence, there is a bijection between VX and the disjoint union
m⋃
i=1
VXi . By Remark 4.18(i)(ii),
we can assume that Hi ⊇ Ru(B) and NG(Hi) = PIi . Denote by H =
m⋂
i=1
Hi and PI = NG(H).
By Lemma 4.36(i), S\I =
m⋃
i=1
S\Ii. By Proposition 4.35(i)(v), MG/H =
m⊕
i=1
MG/Hi , and if i 6= j,
then (S\Ii)∩ (S\Ij) = ∅. Hence, by Proposition 3.1(ii) and Remark 4.18(iii), ρ(X) =
m∑
i=1
ρ(Xi).
(ii) follows from Remark 3.7.
Now we are able to show the main theorem in this part, which is a part of the characterization
of the smooth projective horospherical varieties whose effective divisors are nef.
Theorem 4.41. Let X be a smooth projective horospherical G/H-embedding such that H ⊇
Ru(B), D0(G/H) = ∅ and Nef
1(X) = Psef 1(X). Then there is a G-equivariant isomorphism
Φ : X →
ρ(X)∏
i=1
Xi, where ρ(X) is the Picard number of X, and each Xi is a smooth projec-
tive horospherical G/Hi-embedding of Picard number one. Moreover, the natural morphism
pi : G/H →
ρ(X)∏
i=1
G/Hi is an isomorphism, Φ extends pi, and H =
ρ(X)⋂
i=1
Hi.
Proof. Denote by T (X) = G ×PI Y the corresponding toroidal horospherical variety. Then by
Proposition 4.32, Y is a smooth projective toric variety such that Nef 1(Y ) = Psef 1(Y ). By
Theorem 4.13, Y ∼= Pr1 × . . .Prρ(Y ) , where ρ(Y ) is the Picard number of Y and
ρ(Y )∑
i=1
ri equals to
the rank r of G/H .
Denote by Yi = Pri , and Ni = supp(FYi) ∩ NX . Then NX =
m⊕
i=1
Ni. For any cone C ∈ FY ,
define Φ(C) = {D ∈ DX | ρ(νD) ∈ C}. By Proposition 4.20, if C ∈ FY , then (C,Φ(C)) ∈ FX .
Let Fi = {(C,Φ(C)) | C ∈ FYi}. The fact FY =
ρ(Y )∏
i=1
FYi and Proposition 4.20 imply that
FX =
ρ(Y )∏
i=1
Fi.
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By Lemma 4.33, D(G/H) = DX . Hence, by Lemma 4.42 in the following, there exists a
smooth projective horospherical G/Hi-embedding Xi for each 1 ≤ i ≤ ρ(Y ) such that FXi = Fi,
D(G/Hi) = DXi , H =
ρ(Y )⋂
i=1
Hi, X is G-equivariantly isomorphic to
ρ(Y )∏
i=1
Xi, and this isomorphism
extends the isomorphism G/H →
ρ(Y )∏
i=1
G/Hi. By Proposition 4.22 and Corollary 4.21, the Picard
numbers ρ(X) = ρ(Y ) and ρ(Xi) = ρ(Yi) = 1. The conclusion follows.
Lemma 4.42. Let X be a smooth horospherical G/H-embedding such that H ⊇ Ru(B), NG(H) =
PI , D(G/H) = DX and FX =
m∏
i=1
Fi. Then there exists a smooth horospherical G/Hi-embedding
Xi for each 1 ≤ i ≤ m such that Hi ⊇ H, D(G/Hi) = DXi , FXi = Fi, H =
m⋂
i=1
Hi, the natural
morphism G/H →
m∏
i=1
G/Hi is an isomorphism, and this isomorphism can be extended to a
G-equivariant isomorphism X →
m∏
i=1
Xi.
Proof. Step 1. In this step, we will construct a horospherical G/Hi-embedding Xi for each i
such that FXi = Fi .
Let Di = {D ∈ DX | ρ(νD) ∈ (Ni)Q} and Ii = S\Di. The fact FX =
m∏
i=1
Fi implies that DX
is the disjoint union of those Di, where 1 ≤ i ≤ m. Thus,
m⋂
i=1
Ii = I,
m⋂
i=1
PIi = PI and if i1 6= i2,
then Ii1 ∪ Ii2 = S.
Let Mi = Hom(Ni,Z). Then MG/H =
m⊕
i=1
Mi. Recall that χ(PI) = {χ ∈ χ(B) | 〈χ, α
∨〉 =
0 for all α ∈ I} and χ(PIi ) = {χ ∈ χ(B) | 〈χ, α
∨〉 = 0 for all α ∈ Ii}. Take any χ1 ∈ Mi,
then by Remark 4.18(ii), χ1 ∈ MG/H ⊆ χ(PI). Moreover, for any α1 ∈ Ii\I, there exists
some j 6= i such that α1 ∈ S\Ij . Thus, ρ(νDα1 ) ∈ (Nj)Q ⊆ M
⊥
i ∩ (NX)Q. In particular,
〈χ1, α∨1 〉 = 0, i.e. χ1 ∈ χ(PIi). Hence, Mi ⊆ χ(PIi) ∩ MG/H . Let Hi = KerPIiMi. Then
Hi ⊇ KerPIMG/H = H ⊇ Ru(B). By Remark 4.18(ii) and the definition of Hi, we get that
NG(Hi) = PIi , MG/Hi = χ(PIi/Hi) and Hi = KerPIiMG/Hi . Hence, Mi is a subgroup ofMG/Hi
with a finite index. So (Mi)Q = (MG/Hi)Q as subspaces of (MG/H)Q. By the decomposition
MG/H =
m⊕
i=1
Mi, we can know that MG/Hi ⊆ (Mi)Q ∩MG/H = Mi. Hence, MG/Hi = Mi and
NG/Hi = Ni.
Consider the following commutative diagram:
G/H
φi
//

G/Hi

G/PI // G/PIi .
By Remark 4.18(iii), D(G/Hi) can be identified with S\Ii. Denote by Dα,i the B-stable divisor
on G/Hi corresponding to the simple root α. Thus, φ
−1
i (Dα,i) = Dα ∈ D(G/H) = S\I and
ρG/H(νDα) = ρG/Hi(νDα,i) ∈ (NG/Hi)Q. Thus, φ
−1
i : D(G/Hi) → Di, D 7→ φ
−1
i (D) is a well-
defined bijection. Hence, Fi is a colored fan in (Ni)Q = (NG/Hi)Q. By Theorem 2.5, there exists
a horospherical G/Hi-embedding Xi such that FXi = Fi.
Step 2. Claim: H =
m⋂
i=1
Hi and
m∏
i=1
Xi is a horospherical G/H-embedding.
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We know from Remark 4.18(ii) that
m⋂
i=1
Hi =
m⋂
i=1
(KerPIiMG/Hi) = Ker m⋂
i=1
PIi
(
m⋃
i=1
MG/Hi) =
Ker m⋂
i=1
PIi
(
m⊕
i=1
MG/Hi) = KerPI (MG/H) = H .
In fact, on each connected component Γ of the Dynkin diagram of G, there is at most one
1 ≤ i ≤ m such that (S\Ii) ∩ Γ 6= ∅. Otherwise, assume that α1, α2 ∈ Γ are two simple roots
such that α1 ∈ S\Ii1 , α2 ∈ S\Ii2 , i1 6= i2 and there is no simple roots in S\I =
⋃
i
S\Ii between
α1 and α2 on Γ. Since S\Ii is bijectively corresponding to DXi for each i, there are maximal
dimensional colored cones (C1,D1) ∈ FXi1 , (C2,D2) ∈ FXi2 such that Dα1 ∈ D1, Dα2 ∈ D2. The
fact FX =
∏
i
FXi implies that there is a maximal dimensional colored cone (C,D) ∈ FX such that
(C1,D1), (C2,D2) are colored faces of (C,D) ∈ FX under the natural inclusions FXi ⊆ FX . This
is contradicted with [Pa06, Thm. 2.6]. Then by Proposition 4.35(ii)(iv)(v), the claim holds, and
the natural morphism pi : G/H →
m∏
i=1
G/Hi is an isomorphism.
By Proposition 4.38 and Theorem 2.5, X is G-equivariantly isomorphic to
m∏
i=1
Xi, and the
isomorphism extends pi.
Corollary 4.43. LetX be a smooth projective horospherical G/H-embedding such that Nef 1(X) =
Psef 1(X). Then there exists a G-equivariant morphism pi : X → G/PS\D0(G/H) such that each
fiber is isomorphic to the product of some smooth projective L0-horospherical varieties of Picard
number one, where L0 = PS\D0(G/H) ∩ P
−
S\D0(G/H)
.
Proof. By Remark 4.18(v), we can assume that H ⊇ Ru(B
−). Let D0 =
∑
D∈D0(G/H)
D. Then
by Theorem 4.5(i) and Theorem 4.29(i), D0 induces a G-equivariant morphism pi0 : X →
G/PS\D0(G/H). Denote by x˜0 the point in G/PS\D0(G/H) such that Gx˜0 = P
−
S\D0(G/H)
. Let
X0 = pi
−1
0 (x˜0), L0 = PS\D0(G/H) ∩P
−
S\D0(G/H)
, and H0 = H ∩L0. Then by Lemma 4.10(f) and
Theorem 4.29(i), X0 is a complete horospherical L0/H0-embedding such that D0(L0/H0) = ∅
and H0 ⊇ Ru(B−), where B0 = B ∩ L0. By Theorem 4.5(ii)(iii), X0 is a smooth projective
variety such that Nef 1(X0) = Psef
1(X0). By Theorem 4.41, X0 is isomorphic to the product
of some smooth projective L0-horospherical varieties of Picard number one. Note that different
fibers of pi0 are isomorphic to each other. The conclusion follows.
Remark 4.44. The smooth projective G-horospherical varieties of Picard number one have
been classified in [Pa09]. Thus, by Theorem 4.5, Lemma 4.10, Theorem 4.29, Theorem 4.30,
Proposition 4.40, and Theorem 4.41, we can give a complete characterization of the smooth
projective G-horospherical varieties whose effective divisors are nef.
Example 4.45. Let M be a complex vector space of dimension m+2 ≥ 5, and L,E be subspaces
such that dimC(L) = 1, dimC(E) = m+ 1 and M = L ⊕ E. Let X be the set of pairs (W,V ) ∈
Gr(k − 1, E)×Gr(k +1,M) such that W ⊆ E ∩ V , where 2 ≤ k ≤ m− 1. Associate X with the
reduced closed subvariety structure. Take e0 ∈ L\{0} and {e1, e2, . . . , em+1} to be a basis of E.
Let G = SLm+1(C), consider the natural G-action on E and let G acts trivially on L. Thus, X
is naturallly a G-variety. This variety will help us to understand the characterization of smooth
projective horospherical varieties whose effective divisors are nef. More precisely, we have the
following Proposition 4.46.
Proposition 4.46. Keep notations as in Example 4.45. Then the following hold.
(i) X is a smooth projective G-horospherical variety of Picard number two such that Nef 1(X) =
Psef 1(X).
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(ii) X is not homogeneous under the action of Auto(X), where Auto(X) is the connected
component of the automorphism group of X containing the identity.
(iii) X is not isomorphic to a nontrivial product of two varieties.
(iv) Let D0 =
∑
D∈D0(G/H)
D, where H = Gx ⊇ Ru(B−) for some point x in the open B-orbit.
Then D0 induces a G-equivariant morphism pi0 : X → G/P
−
0 . Let F be a fiber of pi0, then X is
not isomorphic to G/P−0 × F .
Keep notations as above. Take xi = (W0, Vi) for i = 0, 1, 2, where w0 = e1 ∧ . . . ∧ ek−1,
v0 = e1 ∧ . . . ∧ ek ∧ (e0 + ek+1), v1 = e1 ∧ . . . ∧ ek ∧ e0, and v2 = e1 ∧ . . . ∧ ek ∧ ek+1 are the
corresponding representatives under the Plu¨ker coordinates. Let Xi = G · xi and Hi = Gxi . Let
S = {α1, . . . , αm}, where αi is the i-th simple root of G by the standard notations. Let ωi be
the i-th fundamental dominant weight of G.
Lemma 4.47. Keep the notations as above, then
(i) X is the disjoint union of X0, X1 and X2;
(ii) the isotropy groups H0 = KerPS\{αk−1,αk,αk+1}(ωk − ωk+1), H1 = PS\{αk−1,αk}, and
H2 = PS\{αk−1,αk+1}.
(iii) X is a projective horospherical G/H0-embedding.
Proof. Take any point x = (W,V ) ∈ X , where w = e′1∧. . .∧e
′
k−1 and v = e
′
1∧. . .∧e
′
k−1∧e
′
k∧e
′
k+1
are the corresponding Plu¨ker coordinates. If V ⊆ E, then there is an element g ∈ G such that
gei = λie
′
i, λi ∈ C
∗, i = 1, . . . , k + 1, hence x ∈ X2. If L ⊆ V , then we can assume that e′k ∈ E
and e′k+1 = e0. There is an element g ∈ G such that gei = λie
′
i, λi ∈ C
∗, i = 1, . . . , k, hence
x ∈ X1.
If L * V and V * E, then we can assume that e′k ∈ E and e
′
k+1 = e0 + te˜k+1, where
t ∈ C∗ and e˜k+1 ∈ E. There is an element g′ ∈ G such that g′ei = λie′i, λi ∈ C
∗, i = 1, . . . , k
and g′ek+1 = λk+1e˜k+1, λk+1 ∈ C∗. This implies that there is a g ∈ G such that gei =
λie
′
i, i = 1, . . . , k − 1, gek = λkλk+1t
−1e′k and gek+1 = te˜k+1. Thus, x ∈ X0. This shows that
X = X0 ∪X1 ∪X2.
Take any element h ∈ G. Then h ∈ Hi if and only if hw0 = µw0 for some µ ∈ C∗ and
hvi = µivi for some µi ∈ C∗. And hw0 = µw0 for some µ ∈ C∗ if and only if h ∈ PS\{αk−1}.
On the other hand, v0 = v1 + v2. And hv1 = µ1v1 for some µ1 ∈ C∗ if and only if h ∈ PS\{αk}.
What’s more, in this case, µ1 = ωk(h). Similarly, hv2 = µ2v2 for some µ2 ∈ C∗ if and only if
h ∈ PS\{αk+1}. And in this case, µ2 = ωk+1(h). Thus, hv0 = µ0v0 for some µ0 ∈ C
∗ if and only if
hv1 = µ1v1, hv2 = µ2v2 for some µ1 = µ2 ∈ C∗, i.e. if and only if h ∈ KerPS\{αk,αk+1}(ωk−ωk+1).
This implies (ii) and the fact Xi ∩Xj = ∅ if i 6= j, i.e. (i) holds too.
Since H0 ⊇ Ru(B), X0 = G/H0 is a homogeneous G-horospherical variety. The fact
dim(Xi) ≤ dim(X) − 2 for i = 1, 2 implies that X is a normal variety. Thus, X is a horo-
spherical G/H0-embedding. Since X is a closed subvariety of Gr(k− 1, E)×Gr(k+1,M), X is
projective. Thus, (iii) holds.
Proof of Proposition 4.46. Let X
π1−→ Y1 ⊆ Gr(k − 1, E) and X
π2−→ Y2 ⊆ Gr(k + 1,M) be the
restrictions of the two projections from Gr(k − 1, E)×Gr(k + 1,M) to its factors, where Y1, Y2
are the images. Then Y1 = Gr(k − 1, E) and each fiber pi
−1
1 pi1(x) is isomorphic to Gr(2,M/V ),
where x = (W,V ). Thus, pi1 is a smooth morphism, and X is a smooth variety.
The construction of X implies that Y2 = Gr(k + 1,M). For any x = (W,V ) ∈ X0 ∪X1, the
fiber pi−12 pi2(x)
∼= Gr(k − 1, E ∩ V ) ∼= Pk−1. For any X = (W,V ) ∈ X2, the fiber pi−12 (pi2(x)) ∼=
Gr(k− 1, E∩V ) = Gr(k− 1, V ) ∼= Gr(2, V ). By [Br11, Prop. 2.1], X2 is stable under the action
of Aut0(X), which implies the conclusion (ii).
By our previous discussions, we know that G/H0 is the open G-orbit on X , MG/H =
Z(ωk − ωk+1), VX = ∅, D(G/H0) = {Dαk−1 , Dαk , Dαk+1} , D0(G/H0) = {Dαk−1}, ρ(νDαk ) =
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−ρ(νDαk+1 ), C
c
X1
= (Q+ρ(νDαk+1 ), {Dαk+1}) and C
c
X2
= (Q+ρ(νDαk ), {Dαk}). Moreover, X is a
smooth projective horospherical G/H0-embedding.
We know from Theorem 4.29(i) that both G/P−0 and F have positive dimensions. Hence,
the conclusion (iv) follows from the conclusion (iii).
By Proposition 3.1(i)(ii) and [Br93, Cor. 1.3(iv)], Dαk and Dαk+1 are numerically equivalent
in N1(X)R, the Picard number ρ(X) = 2, and R+Dαk−1 , R
+Dαk are exact the two extremal
rays of Psef 1(X).
By Theorem 4.5(i) and Theorem 4.29(i), Dαk−1 induces a G-equivariant morphism pi0 : X →
G/P−S\{αk−1} = Y1. By Lemma 4.24, pi1|X0 = pi0|X0 . Note that the morphisms of colored fans
corresponding to pi1 and pi0 are both FX → {(pt, ∅)}. By Theorem 2.7, pi1 = pi0. By Theorem
4.5(iii), Nef 1(X) = Psef 1(X). Thus, pi1 is a Mori contraction of X and the conclusion (i) holds.
On the other hand, pi∗2OY2(1) is not ample and pi2 doesn’t factor through pi1. This implies
that pi2 factors through the Mori contraction different from pi1. The facts Y2 is smooth,pi2 has
connected fibers and the Picard number ρ(X) = 2 imply that pi2 is indeed the other Mori
contraction of X .
Suppose that X is isomorphic to a nontrivial product X1 × X2, then the fact ρ(X) = 2
implies that pi′1 : X → X1 and pi
′
2 : X → X2 are exact the two Mori contractions. Thus, by
reordering X1 and X2 if necessary, X1 = Y1 and X2 = Y2. It’s contradicted with the fact that
dim(X) < dim(Y1) + dim(Y2). Hence, the conclusions (iii) and (iv) hold.
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